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1.1. General introduction 

Queueing theory is the Mathematical study of waiting lines or queues. The theory enables 

mathematical analysis of several related processes, including arriving at the queue, 

waiting in the queue and being served by the server(s) at the front of the queue. The 

theory permits the derivation and calculation of several performance measures including 

the average waiting time in the queue or in the system, the expected number waiting or 

receiving service and the probability of encountering  the system in certain stages, such 

as empty, full, having an available server or having to wait a certain time to be served. 

   waiting                 served 

  

 

Queueing theory was organized in the early 20
th

 century, because of the practical 

requirements of telegraphic physics, and rational organization of mass service, such as 

stores, automatic machines, theatre agencies etc.  

Today queues (the waiting lines) are a part of everyday life. We all wait in a queue 

whether to make bank deposits, pay for groceries in super market, obtain food in a 

cafeteria, fill petrol at a filling station, and withdraw money from an A T M counter. 

 However having to wait is not just a personal annoyance the amount of time that a 

nation’s populace wastes in waiting is major factor in both the quality of life and 

efficiency of the nation’s economy. Great inefficiencies also occur because of other kinds 

of waiting than people standing in line. For example, making machines wait to be 

repaired may result in loss of production; Vehicles ( including ships and trucks) that need 

to be unloaded may delay subsequent shipments; Aero planes to take off are land may 

disrupt later travel schedules; Delay in telecommunication transmissions due to saturated 

lines may cause data glitches; Causing manufacturing jobs to wait to be performed may 

disrupt subsequent production; Similarly delaying service jobs beyond their due dates 

may result in loss of future business.                           

There are many valuable applications of the theory, most of which have been well 

documented in the literature of Probability, Operations Research, Management science 
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and Industrial Engineering. Some examples are traffic flow (vehicles, aircraft, ships, 

people, communications), scheduling (patients in hospitals, jobs on machines, programs 

on a computer), and facility design (banks, post offices, amusement parks, fast-food 

restaurants, shopping malls). 

According to Gross and Harris, the pioneer investigator was the Danish mathematician A. 

K. Erlang who, 1909, published “The Theory of Probabilities and Telephone 

Conversations”. In later works he observed that telephone system was generally 

characterized by either (1) Poisson input, exponential service times, and multiple service 

channels, or (2) Poisson input, constant holding times, and a single channel. Work on the 

application of the theory to telephony continued after Erlang. In 1927, E. C. Molina 

published his paper “Application of the Theory of Probability to Telephone Trunking 

Problems”, which followed one year later by Thornton Fry’s “Probability and Its 

Engineering Uses”, which expanded much of Erlang’s earlier works. In Early 1930’s 

Pollaczek did some further pioneering work on Poisson input, arbitrary output, and 

single-and multiple-channel problems. Additional work was done at that time in Russia 

by Kolmogorov and Khintchine, in France by Crommelin, and in Sweden by Palm. The 

work in queueing theory picked up momentum rather slowly in early days, but 

accelerated in the 1950 s, and there  has been a great deal of work in the area since then.                                   

1.2. Characteristics of queueing system 

A queueing system may be described as one having a service facility at which the 

customers arrive for service, whenever the demand or service exceeds the capacity of 

service, a queue, or a waiting line develops.   The six basic characteristics which will 

describe a queueing system are given by 

(i) Arrival pattern of incoming customers: Usually, the arrival pattern is stochastic, thus it 

is necessary to know the probability distribution describing the inter arrival times. Also it 

is necessary to know whether the arrivals are individual or batch arrivals, and if so, the 

probability distribution describing the size of the batch. Sometimes an arrival may not 

join the queue being discouraged by the length of the queue are being debarred from 

joining the system because of space constraint. If a customer decides not to enter the 

queue upon arrival, the customer is said to have balked An arrival may enter the queue, 
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but after some time loss patience and decide to leave. In this case, the customer is said to 

have reneged. If there are two or more parallel service channels providing homogeneous 

service customers may switch from one to another, that is, jockey for position. The 

arrival pattern that does not change with time is called a stationary arrival pattern and 

the one that change with time is called non-stationary.  

(ii) Service pattern:  Service pattern can be measured by the number of customers served 

for a unit of time or the time taken to complete the service. The service time may be 

deterministic or it may be stochastic. If it is stochastic, the probability distribution 

associated with it will be required. Service may also be single or batch. The service 

pattern may depend on the number of customers waiting for service and is referred to as 

state-dependent service. 

(iii) Queue discipline:. It refers to the manner in which customers are selected for service 

when a queue has formed. The most common discipline that can be observed in everyday 

life is first come, first served (FCFS). Some other queue disciplines in usage are last 

come, first served (LCFS), which is applicable in many inventory systems; selection for 

service in random order(RSS): and a variety of priority schemes (very common in 

hospital causality), where customers are selected for service on the basis of their 

priorities.   

(iv) System capacity: It specify the physical limitation to the amount of waiting room, so 

that when the line reaches certain length, no further customers are allowed to enter until 

space becomes available by service completion. These are referred to as finite queueing 

situations. A system which has a limit to its capacity is also sometimes referred to as a 

loss system, as any incoming customer after the limit of the system will be considered 

being loss. A queue with a limited waiting room can be viewed as one with forced 

balking.  

(v) Number of service channels: A system may have a single or a number of parallel 

service channels. There will be two types of multi-channel systems.  In the first a single 

queue will be formed from which the customers enter the free channel (A hair-styling 

salon with many chairs is an example), while the second allows a queue for each channel 

(for example; Super market or fast food restaurant).  
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(v) Number of service stages: A queueing system may have only a single stage of service, 

as in a fast food restaurant,   or it may have several stages. An example of multi stage 

queuing system is the physical examination procedure in hospital. 

1.3. Kendall’s Notation  

Kendall evolved a notation for describing queueing system. A queueing system is 

described by ( A/B/C:u/v/w ), A indicates the inter arrival time distribution, B the service 

pattern as described by the probability distribution for service time, C the number of 

parallel service channels, u the queue discipline, v the system capacity, and w the size of 

customer population.   

Characteristic symbol Explanation 

Interarrival-time 

distribution (A) 

M 

D 

Exponential 

Deterministic 

Service-time distribution 

(B) 

M 

Ek 

Hk 

PH 

G 

Exponential 

Erlang type k (k =1,2,3,..) 

Mixture of k exponentials 

Phase type 

General 

Number of parallel servers 

(C) 

1,2,3,…  

 

Queue discipline 

(u) 

FCFS 

LCFS 

RSS 

PR 

GD 

First come, first served 

Last come, first served 

Random selection for service 

Priority 

General discipline 

System capacity 

(v) 

∞ 

N 

Infinite 

Finite of size N 

Size of customer population 

(w) 

∞ 

K 

Infinite 

Finite of size K 

1.4. Performance measures of queueing system                   

There are number of performance indicators to measure the performance of a queueing 

system. Most relevant measures are: (i) The expected length of the system, (ii) The 

expected length of queue, (iii) The expected waiting time in the queue, (iv)The expected 

waiting time in the system, and (v) The mean utilization of the system.           
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1.5. Queues with server vacations 

 Queueing systems with server vacations are characterized by using the idle time of the 

server for other subsidiary jobs. e.g., repair tasks of service of customers in another 

system. These models arise naturally in telecommunications and computers systems, in 

production and quality control systems, airline scheduling, machine-repair, scheduling 

and dispensing patients in hospitals and clinics and other stochastic systems.  In all the 

above applications the server working on secondary customers has the same capacity as 

the server taking a vacation.   

For about five decades, extensive studies were made by researchers on models of this 

type seeking to fix contingency problems, to optimize design and control of queueing 

systems and to develop greater understanding of the stochastic processes involved. 

Miller (1964) was the first to study a queueing system in which the server goes idle and is 

unavailable for random intervals for the M/G/1 queueing system.  Models of similar 

specifications have been reported by a number of authors since Levy and Yechiali (1975) 

and they include several types of generalizations of the classical M/G/1 queueing system. 

These vacation systems show a few variations.  In one model,vacations start only when 

the queue is empty while in another vacations may start irrespective of the status of the 

queue.  In yet another model the start of the vacations is conditioned by the past arrival 

and service completion patterns and may happen even when there are customers in the 

queue.  

The two fundamental models of vacation systems are a) the exhaustive b) the gated 

vacation systems. In the former, once the service begins customers are served 

continuously until the system becomes empty.  In the gated vacation system, only the 

customers waiting at the end of a vacation are served continuously.  Customers arriving 

while a service period is in progress are served in the next service. 

A wide class of policies for governing the vacation mechanism have been discussed in 

the literature viz. single vacation policy, multiple vacation policy, N-policy, T-policy,       

(N,T)-policy, D-policy, (p,N)-policy, q-policy, F-policy, Bernoulli vacation policy, 
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repeated attempts etc. Brief description of these policies, different service mechanisms 

and applications of the vacation queueing systems are given in the following sections. 

1.6. Different vacation control policies  

Single Vacation Policy: The server takes only one vacation between two successive busy 

periods. If the server does not find any customer in the system after returning from the 

vacation, he stays in the system waiting for the first customer to arrive, known as 

dormant period. When there is a dormant period, vacation and dormant periods together 

are considered to be idle period. 

Multiple Vacation Policy: In this policy the server keeps on taking vacations until, on 

return from a vacation, at least one customer is present. 

N-policy: Yadin and Naor (1963) first introduced the concept of an N-policy (without 

startup) which turns the server on whenever N (N≥1) or more customers are present, and 

conversely turns the server off when none is present.  After the server is turned off, the 

server may not operate until N customers are present in the system.  Heyman (1968) first 

studied an M/G/1 queue under N-policy for a reliable server.  This was subsequently was 

developed by several researchers such as Teghem (1987), Tijms (1986), Gakis et al. 

(1995), Artalejo (1998), Wang and Ke (2000) and others.  

N-policy with general vacations: For some controllable queueing systems with general 

vacations, it is usually assumed that the server becoming available, or unavailable, 

depends completely on the number of customers in the system.  Every time  the system 

falls empty, the server goes on a vacation.  The instance at which the server comes back 

from a vacation and finds at least N (predetermined threshold) customers in the system it 

begins serving immediately and exhaustively.  This type of control policy is also called 

N-policy queueing system with vacations.  Kella (1989), Lee and Srinivasan (1989) 

respectively are the first to provide detailed discussion concerning N-policy M/G/1 and 

M
X
/G/1 queueing systems with vacations.  Later Lee et al. (1995) and Lee et al. (1994) 

analyzed the batch arrival M/G/1 queueing system under N-policy with a single vacation 

and repeated vacations. Their results significantly confirmed the stochastic 

decomposition property given by Fuhrman and Cooper (1985).  Lee and Srinivasan 
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(2003) investigated Lee and Srinivasan’s (1989) system by considering vacations and 

startup of an unreliable server. 

N-policy and general startup: The server startup corresponds to the preparatory work of 

the server before starting the service.  In some actual situations, the server often requires 

a startup time before starting each service period.  Concerning queueing systems 

combining N-policy with a startup time, the N-policy M/G/1 queueing system with 

startup time was first studied by Minh (1998) and was investigated by several researchers 

such as Medhi and Templeton (1992), Takagi (1993), Lee and Park (1992, 1997) and so 

on.   

T-policy: This is a special case of the multiple vacation policy.The server is turned off at 

the end of a busy period and inspects the queue after an interval of length T.  If at least 

one customer is found awaiting service, a busy period begins and the customers are 

served until the queue is exhausted.  If there are no customers found at the time of 

inspection, the server again inspects the queue after another interval of length T.  This 

kind of control policy is called the T-policy and the T-policy for the M/G/1 queueing 

system with a reliable server was investigated by Heyman (1977), Levy and Yechaili 

(1975) and Gakis et al. (1995).  Heyman showed that under a linear cost structure the 

optimal N-policy is superior to the optimal T-policy. 

(N,T)-policy: In this policy, the server terminates its vacation as soon as the number of 

arrivals reaches N or the waiting time of the leading customer reaches T units or the time 

units after the end of the last completion period reach predetermined T units. Doganta 

(1990) first considered the (N,T)-policy M/G/1 queueing system with a reliable server 

and derived the expected values of the performance measures.  

Min (N,T)-policy: In this policy, the server’s vacation is terminated if either N (≥ 1) 

customers have accumulated in the system or T time units have elapsed since the end of a 

busy period or the end of the previous T time units and at least one customer in the 

system waits for service, which ever occurs first. Gakis et al. (1995) first introduced this 

policy. 

D-policy: The D-policy is to turn the server on when the cumulative service times of the 

customers in the system exceed the value D and turn the server off when the system 



 

9 

 

empties. The D-policy was first introduced by Balachandran (1973).  Balachandran and 

Tijms (1975) showed that under a linear cost structure the D-policy is superior to the N-

policy for service time distributions with decreasing, constant and for some cases, 

increasing failure rates.  Feinberg and Kella (2002) showed that the D-policy is optimal 

for an M/G/1 queue with removable server under the criterion of the average cost per unit 

time. 

(p,N)-policy: The (p,N)-policy is to turn the server off when the system is empty and on 

when there are more than N customers present or if the server is off and the number of 

customers reaches N, turn the server on with probability p and the server off with 

probability (1-p), and do not turn the server on at other epochs. 

(p,T)-policy: The (p,T)-policy is to control the server randomly at the service completion 

epoch when the system becomes empty. For T > 0 and 0 < p < 1, the control policy is a 

(p,T)-policy if it prescribes the following actions: (i) Switch the server off with 

probability p when the system becomes empty and the server takes a vacation of time T. 

If customers are found, the server is activated and works until the system is empty. If no 

customers are found, the server takes another vacation for the same period. (ii) Leave the 

server on with probability (1-p) when the system becomes empty, then the server is still 

in an active position waiting for a customer to arrive and keeps serving customers until 

the system becomes empty. (iii) Do not switch the server on at other epochs. 

q-policy (quorum queueing policy): Queueing systems with bulk service where the server 

waits until the number of waiting customers reaches a fixed accumulation level r (r ≥1) 

were first studied by Chaudhry and Templeton (1983)  who introduced the name quorum. 

Bernoulli vacation policy: Multiple vacation policy is the subset of  Bernoulli vacation 

policy. On completion of service to a customer, if the queue is not empty, the server goes 

on vacation with probability p ( 0 ≤ p ≤ 1) and resumes service with probability (1 – p). 

The classical vacation scheme with Bernoulli schedule discipline was introduced by 

Keilson and Servi (1986). Servi (1987), Doshi (1986) and Takagi (1990) are among 

several others who have studied this type of queueing system. 

Bernoulli vacation schedule under restricted admissibility policy: In this policy after 

completion of a service the server either goes for a vacation of random length with 
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probability p ( 0 ≤ p ≤ 1) or may continue to serve the next unit, if, any with probability  

(1-p). 

Working vacation policy: The classical single server vacation model is generalized to 

consider a server which works at a different rate rather than completely stops during the 

vacation period and is called working vacation policy.  

1.7. Service type 

The server may render service individually or to batches of fixed size or variable size and 

the service for each individual or batch may be in single phase or in more than one phase.  

Also, the customers may be served repeatedly for a certain reason. 

Two-Phase Service: Queueing systems involving multiple services are in vogue   

nowadays. Different permutations have been tried in literature leading to various 

denominations for this sort of systems.  They are assumed to have an additional service 

channel, or a feedback, or an optional re-service or a two-phased heterogeneous service. 

Among the models considered by different authors Tadj and Ke (2003) cited the ones 

shown hereunder:  

Model 1. After receiving the first mandatory service a customer gets the second optional 

service or quits the system. 

Model 2. The server offers two types of heterogeneous service giving the customer the 

choice of picking any one of them. 

Model 3. A customer receives sequentially two phases of heterogeneous service and 

departs from the system.   

Model 4. A customer chooses one of the two types of heterogeneous service in phase one, 

with an option to repeat the service or quit from the system. 

These models have been tried out (a) with various queueing theory features-viz bulk 

arrival, Bernoulli vacation schedule, server breakdowns, delayed repair, retrials, 

feedbacks etc. and (b) with some vacation control policies like, N-policy, D-policy, T-

policy, (N,T)-policy, q-policy. 
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In the models with two essential phases of heterogeneous service to the customers, the 

first phase involves serving all the waiting customers as a single batch and moving them 

to the second phase.  After serving the batch, the server provides the second phase of 

service individually to each customer in the batch and then the server returns to see if 

new customers have arrived. If there are waiting customers, the server starts the cycle 

again by providing them batch service followed by individual services. If no customer is 

waiting, the server waits until a customer arrives and starts the cycle. The batch service 

could be gated or un-gated. In the gated service, the batch includes only those customers 

present when the batch service starts. In the un-gated service case, the batch includes the 

customers present when the batch service starts as well as those that arrive during the 

batch service. Krishna and Lee (1990), Doshi (1991) are the first to study the M / M / 1 

and M/G/1 two-phase queueing systems without server vacations, respectively. 

In a two-phase service system with vacation, after providing the second phase of service 

to all the customers in the batch, the server returns to see if any new customers have 

arrived. If there are waiting customers, the server starts the cycle again by providing the 

batch service followed by individual service. If no customer is waiting, the server 

proceeds on vacation. Selvam and Sivasankaran (1994) are the first to study a two-phase 

queueing system with server vacations. Kim and Chae (1998), Kim and Park (2003) 

studied the two-phase queueing systems with N-policy.  

Vasanta Kumar and Chandan (2008) presented the optimum operating policy for two 

phase M
x
/Ek/1 queueing system with N-policy. 

Feedback: Many queueing situations have the feature that the customers may be served 

repeatedly for a certain reason.  When the service of a customer is unsuccessful, it may be 

retried again and again until a successful service is completed.  The customer who is 

unsuccessful in completing his service will feedback instantaneously to the tail with 

probability p (0p1) or departs from the system with probability (1-p).  This 

mechanism is known as Bernoulli feedback. Takacs (1963) was the first to study 

Bernoulli feedback systems in different frameworks. He obtained the distribution of the 

queue size as well as the Laplace-Stieltjes transform and the first two moments of the 

distribution function of the total time spent in the system by a customer. Disney (1981) 
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considered the problems relating the distribution of sojourn time in a Bernoulli feedback 

and in an M/G/1 system without feedback.  Disney et al. (1980, 1984) provided some 

other results regarding the Bernoulli feedback and delayed feedback. Takagi (1996) 

studied the distribution of response time under service in random order service discipline. 

1.8. Startup time 

The startup time corresponds to the time required for preparatory work of the server 

before starting the service. In some actual situations, the server often requires a startup 

time before starting each service period. The startup time may be considered a vacation 

of special type, that is, one that is triggered by an arrival to an idle system. On the other 

hand, a vacation model may be regarded as a model with setup time in which the setup 

time is the length of the remaining vacation when the first customer arrives during a 

vacation. Baker (1973) first proposed the N-policy M/M/1 queueing system with 

exponential startups.  Levy and Kleinrock (1986) considered an M/G/1 queue with a 

random setup time, where the service of the first customer in each busy period is 

preceded by a random setup period.  The N-policy M/G/1 queueing system with startup 

time was first studied by Minh (1988) and was investigated by several researchers like 

Medhi and Templeton (1992), Takagi (1993), Lee and Park (1997), Hur and Paik (1999) 

and so on for reliable servers for the service startup. 

1.9. Server breakdowns 

The subject of queueing systems wherein the service channel is subject to breakdowns 

from time to time is a popular subject that has received a lot of attention for the last fifty 

years. 

In most queueing systems it is assumed that the server is available on a permanent basis.  

However, this assumption is practically unrealistic.  The server may well be subjected to 

lengthy and unpredictable breakdowns while serving a customer.  For instance, in 

manufacturing systems the machine may breakdown due to machine or job related 

problems; in computer systems, the machine may be subjected to scheduled backups and 

unpredictable failures.  In these systems server breakdown results in a period of 

unavailable time until it is repaired.  Understanding the behaviour of the unreliable server 

and the effect of machine breakdowns and repairs in these systems is important as this 
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affects not only the systems efficiency but also the queue length and the customer’s 

waiting time in the queue. 

Several authors have investigated queueing models with server breakdowns and vacations 

in different frameworks in recent past.  Gaver (1962) first proposed an ordinary M/G/1 

queueing system with interrupted service and priorities.  Gaver’s system was extended to 

GI/G/1 case by Sengupta (1990).  Takine and Sengupta (1997) studied queueing systems 

with service interruptions.  Li et al. (1997) and Tang (1997) investigated the un-reliable 

server, and the effect of server breakdowns and repairs in the M/G/1 queueing models 

from both the queueing and reliability points of view.  For a non-reliable server and the 

absence of any distinct startup times, Wang (1995) first developed analytic closed-form 

solutions for the N-policy M/M/1 queueing system.  Also, Wang (1997) investigated the 

N-policy M/EK/1 queueing system.  Wang et al. (1997) and Wang et al. (2004) derived 

analytic steady state solutions of the M/H2/1 and M/HK/1 systems respectively.  Wang 

(2003) examined the optimal control of a removable and non-reliable server in M/M/1 

queueing system with exponential startup times.  Wang and Ke (2002) analyzed the 

control policies for the M/G/1 queueing system with an unreliable server. 

1.10. Queues with impatience  

Customers are said to be impatient if they tend to join the queue only when a short 

waiting time is expected and tend to remain in line if the waiting has been sufficiently 

small. Customer impatience has been a burning problem of private as well as public 

sector enterprises. They are constantly working towards customer retention for better 

future prospects. The impatience that results from an excessive wait is just as important 

in the total queueing process as the arrivals and departures. When this impatience 

becomes sufficiently strong before being served, the manager of enterprise involved must 

take action to reduce the congestion to levels that customers can tolerate. 

Impatience generally takes three forms. The first is balking, the reluctance of customer to 

join a queue upon arrival; the second reneging, the reluctance to remain in the queue after 

joining and waiting; and the third jockeying between lines when each of number of 

parallel lines has its own queue. 
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Customers balking and reneging have been widely applied to many real life problems in 

the situations involving impatient telephone switch board customers, the hospital 

emergency rooms handling critical patients, and the inventory systems with storage of 

perishable goods.           

1.11. Different types of queues 

Retrial queues: Retrial queues have been widely used to model many problems in 

telephones switching systems, telecommunication networks and computers networks to 

gain service from central processing unit. There has been rapid growth in the literature on 

the queueing systems with repeated attempts, which are characterized by the following 

feature. 

If the server is free, then the arriving customer enters service. If the server is occupied, 

the customers must leave the service temporarily and enter a pool of unsatisfied 

customers (retrial group). An arbitrary customer in the retrial group generates a stream of 

repeated requests that is independent of the rest of customers in the retrial group. 

Between trials, a customer is said to be in orbit. 

Each individual blocked customer may be admitted to join the retrial group with 

probability p (0 ≤ p ≤ 1) independently of the actual size of the retrial group and this type 

of admission mechanism to the retrial group is known as Bernoulli admission 

mechanism. 

There have been several contributions on retrial queues with priority calls, feedback and 

starting failures, additional phase of service, Bernoulli vacation times, setup times, two 

phases of essential service, general vacations etc. 

Cyclic Queues: Service system contains more than one queue attended by a single server 

in cyclic order. Customers of each queue return to their original source after service 

completion. A certain time is required for the server to switch from one queue to another. 

Such cyclic order of service to multiple queues has been called a polling model. These 

types of cyclic service queues attended by a single server find applications in the 

performance evaluation of computer operating systems, packet switching systems in the 

telecommunication networks and production systems. Threshold based service policies 

have been applied by many researchers to the polling system consisting of two queues 
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and a single service. Vacation models can be used to obtain either iterative procedures or 

approximations for the cyclic server queues. 

Priority queues: In certain applications, some customers are served before others 

regardless of their order of arrival. These customers have priority over others. Queues 

with batch arrivals occupying a priority class of customers who can arrive in the same 

batch are known as structured priority queues. These are useful to model communication 

and telephone switching systems. The vacation models are closely related to priority 

queues. Gaver (1962) was the first to study a priority system with two classes of 

customers arriving separately in different batches. Kella and Yechiali (1988) and 

Stanford (1991) analyzed priority systems with n classes of customers arriving singly. 

1.12. Applications of queues with vacations  

(a) Maintenance in production systems: Consider a machine used to produce a variety of 

items. When the machine becomes idle, it undergoes preventive maintenance. During this 

time, any items arriving at the machine will have to wait. The maintenance can be 

considered as vacation. Here the start of vacation depends on the state of the queue. 

Moreover, there is exactly one vacation after the end of each busy period. One may use 

the vacation queueing systems to answer the following questions: 

(i) How does the preventive maintenance affect the waiting time of the primary jobs? 

(ii) How long should a preventive maintenance be scheduled after the end of each 

busy period? 

(b) Maintenance in computer and communication systems: Processors in computer and 

communication systems do considerable testing and maintenance besides doing their 

primary functions (processing telephone calls, processing interactive and batch jobs, 

receiving and transmitting data etc.). Whenever the primary jobs are absent, the processor 

does a segment of maintenance work. If, on completion of this segment, some primary 

jobs are present, then the processor will serve the primary jobs until it is idle again. Thus, 

while the primary customers are being served, the system behaves like a usual queueing 

system. When the system is idle, the server takes a vacation and keeps on taking 
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vacations until, on return from a vacation, the server finds at least one primary customer 

waiting. This is an example for multiple vacation models. 

(c) Packet switching systems: In packet switching systems, the vacation time can be 

utilized for secondary priority tasks such as traffic data processing and a periodic 

processing for system maintenance and testing. After the vacation period, the server 

returns to the main system to execute the primary processing with higher priority. 

(d) Example for (N,T)-policy queueing system: An operator may have some idle time 

between subsequent jobs in an assembly line. In order to use the time effectively, the 

management can assign this operator some secondary jobs and it might be desirable to 

call the operator back to his primary jobs when there are N jobs in the queue or some jobs 

have been waiting for more than T units of time. In addition, in many multipurpose 

production systems, the facility usually performs other tasks utilizing the time between 

subsequent productions. 

(e) Inventory system:  

(i) Consider a simple product (a, b) inventory system for which replenishment items 

are supplied by a single production facility one by one. The system operates under 

a base-stock control policy in which each production run continues until on-hand 

stock is raised to the desired base-stock level, say b, where upon, the production 

run stops, i.e., when the inventory is at the base-stock level, the production source 

remains idle. On the other hand, as soon as it drops to the re-order level, say          

a (≤ b), due to demand of customers, setup of service begins. Once the setup is 

over, the machine starts producing items until the stock is raised to b. Further, this 

system may undergo routine maintenance from time to time, when it is required.  

(ii) In a production / inventory system, machine undergoes extra operational (such as 

machine repair, preventive maintenance, gearing up machinery etc.) before the 

processing of raw material is to be started. We may assume that raw materials 

arrive in batches. This production system can be viewed as M
X
/M/1 queueing 

system with a setup time. 
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  (f) Examples of two phase queueing systems:  

(i) A server may have the duty of assigning incoming jobs to processors in such a way 

that the load is balanced or that the jobs are executed as per some deadline. It may 

be decided on the basis of the incoming load and current structure of the 

distributed system to restructure the hardware by throwing switches appropriately. 

All of these actions have a two-phase arrangement. In the first phase, the server 

gathers information about, or otherwise computes the status of the system. In the 

second, it performs an action based on that status information. 

(ii) When a single processor is fed work by one or more peripheral processors which 

receive work from the end customers, the server under consideration is a single 

central processor. The batch service corresponds to the overhead incurred by the 

central processor in collecting the accumulated work from the peripheral 

processors. Once the waiting jobs are brought in, the central processor does the 

actual work (individual services) on these jobs. After completing the actual work, 

the processor checks for new work from the peripherals, and so on. 

(iii) In the above example, when there is no on-line job for collection, the processor 

can be switched to process the off-line jobs, to update storage devices or to attend 

to some maintenance repair work. As soon as the number of collected jobs 

reaches the predetermined value N, the server is turned on and starts to serve 

collected jobs in batch mode. This is an example for two-phase N-policy system. 

(iv)  Consider an inventory problem in which the arriving orders are collected and 

when the number of orders reaches N, their service requirements, e.g., due date, 

quantity and quality is analyzed initially in batch mode. This is followed by 

individual services of the batch. As the system empties, which means there is no 

order, the replenishment of stock can be carried out to prepare next orders. 

(v) Consider a production process where the machine producing certain items may 

require two phases of service such as preliminary checking followed by the usual 

process to complete the processing of the raw materials. It may so happen that the 

process either needs to be stopped for overhauling and maintenance of the system 

after these two phases of service or may continue the further processing of the raw 
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materials if there is no unit in the system. This overhauling can be utilized as a 

vacation time in this system. 

(g) Applications of two-phase systems with second phase of optional service: In day to 

day life, we encounter numerous examples of the queueing systems where all arriving 

customers require the main service and only some may require the subsidiary service 

provided by the server.  Some such queueing systems are considered below: 

(i) At a barber’s shop everyone may need a hair-cut but only a part of the customers 

may need a shave after their hair-cut. 

(ii) All passengers wish to travel to a big town or metropolitan city in a particular 

airline but only a few of these customers take airline’s further flight to an interior 

destination of tourist’s interest. 

(iii) All students joining a particular teaching department of a university want to 

complete their undergraduate program of study but only some of them may join 

the post graduate program soon after completing the undergraduate program.  

(iv) All ships arriving at a port may need unloading service on arrival but only some 

of them may require re-loading soon after the unloading. 

(v) All clients who come to meet a lawyer discuss their cases with her/him but only 

some of them actually hire her/him to fight their cases in a court of law. 

(vi) In a small town one finds many shops which sell coffee beans and grains of 

various kinds.  All such shop keepers normally have a grinding machine.  All 

customers coming to such a shop buy grains or coffee beans but only some of 

these customers want to utilize the grinding facility. 

(h) Application of two-phase batch arrival system with second phase of optional service: 

Consider a production system, where production does not start until some specified 

number of raw materials, say N are accumulated in the system during an idle period.  The 

machine producing certain items may require two-phases of service such as periodic 

checking and repairing during the processing of raw materials.  It may happen that some 

of the units leave the system after periodic checking or rest of units may send to 

workshop for a second phase of reprocessing service.  Again this reprocessing requires 
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two optional phases of service viz. major repairing and minor repairing, respectively.  

Then some units may either join the major repairing counter or rest may join minor 

repairing counter.  There may be many other situations such as digital communication 

systems or data transmission systems which involve two optional phases of service. 

(i) Examples of retrial queues: 

(i) Queueing models including the effects of repeated attempts are of great practical 

importance in designing communication systems and in exploring the interaction 

between the central processor unit and peripheral devices of a computer system. 

(ii) A person who is making phone calls is not able to queue if the line is engaged, but 

tries his luck again after some time. 

(j) Examples of retrial queues with second optional phase of service: 

     (i)  Many theaters, flight companies etc. offer to public domain a telephone line for 

booking tickets. A customer demanding this facility can find two situations; (i) 

non-availability of tickets due to earlier sales in which case the call is reduced 

only to preliminary conversation and (ii) the stock of tickets is still non empty, so 

the customer is qualified and after preliminary phase, he is able to receive the 

proper fundamental service. 

     (ii) A customer is making a phone call destined to any person who shares a 

telephone line with other users. The call duration will consist of a first phase 

when the customer who is making phone calls asks for the person that he is 

looking for and then it is determined whether or not such an interlocutor is present 

in order to attend the phone call. In case this preliminary phase is positively 

completed, then a second fundamental (and probably longer) phone follows until 

the conversation comes to its end. 

      In the above example, the customer making a phone call and finding the line 

engaged is allowed to conduct individual retrials independently of the rest of 

blocked customers in the retrial group. 

           (iii) Consider a production system where production does not start until some 

specified number of raw materials; say N are accumulated in the system during 
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the idle period. The machine producing certain items may require two phases of 

service such as, periodic checking and repairing during the processing of raw 

materials. It may happen that some of units may either leave the system after 

periodic checking or rest of units may be sent to workshop for a second phase of 

reprocessing service. Again, this reprocessing requires two optional phases of 

service, viz. major repairing and minor repairing respectively. Then some units 

may either join the major repairing counter while rest may join the minor 

repairing counter. 

(k) Retrial queues with batch arrivals and two phases of essential service and general 

vacation time under Bernoulli schedule (three phases of service): In mobile 

communication on internet, the IP protocol originally designed for stationary devices 

must be enhanced to allow the use of mobile computers that move from one network to 

another. Mobile IP has two addresses for a mobile host; one home address and one care 

of address. The home address is permanent; the care of address changes as the mobile 

host moves from one network to another. To communicate with a remote host, a mobile 

host goes through three phases: agent discovery, registration and data transfer. The first 

phase, agent discovery, involves the mobile host, the foreign agent, and the home agent. 

The second phase, registration, also involves the mobile host under two agents. Finally, 

in the third phase (i.e., general vacation time), all four entities are involved. In this 

process, while receiving messages, home agent relays messages (for the mobile host) to a 

foreign host. A foreign agent sends relayed messages to a mobile host. A mobile host on 

its home network learns the address of a home agent through a process called agent 

discovery. A mobile host on a foreign network learns the network of a foreign agent 

through agent discovery. Mobile host gets connected with the remote host from foreign 

network (or mobile network) through foreign agent (or home agent) with three phases of 

services.  While sending batches of packets from remote host to mobile host, one of the 

packets will be sent through three possible phases. The first phase, agent discovery 

involves the mobile host, the foreign agent and the home agent. The second phase, 

registration, also involves the mobile host and the two agents. Finally, in the third phase 

(i.e. general vacation time with probability p =1), all four entities are involved. If one of 
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the packets is under these three phases of service, all other packets should be kept in 

buffer (i.e. retrial group) on remote host and repeated tried to be sent to mobile host. 

(i) Examples of Bernoulli feedback: Systems where a re-service may be necessary can be 

encountered in many situations.  For example, in data transmission, a packet transmitted 

from the source to the destination may be returned and it may go on like that until the 

packet is finally transmitted.  If we are dealing with a human customer, then on 

completion of service, such a customer may find his service unsatisfactory and 

consequently may demand re-service.  Whereas in the case of production of units, on 

completion of a service a quick on-the spot inspection of such a unit may reveal that the 

production unit is defective and consequently a re-service may be necessary.  

1.13. Literature review   

A concise literature review on queues with server’s vacations, working vacations, 

different control policies, batch arrival queues, queues with server breakdowns, two-

phase queueing systems with second phase of optional service, two essential phases of 

service, two-phase systems with server breakdowns and retrial queueing systems are 

presented in this chapter in a chronological order till to date. 

1.13.1. Queues with server’s vacations 

Many authors have studied the utilization of server’s idle time in queueing systems. 

These queueing systems have got wide applications in computer, communication, 

production and other stochastic systems. 

Miller (1964) was the first to study an M/G/1 queueing system where the server is 

unavailable during some random length of time (referred to as vacation). 

Levy and Yechiali (1975) have given the idea of server’s idle time utilization in the 

M/G/1 queue. They assumed that as the queue becomes empty, the server takes vacation 

of exponential distribution during which he does some secondary work. Firstly, they have 

assumed that the server keeps on taking vacations of exponential duration till at least one 

customer is found in the system on his return from vacation. Secondly, they have 

assumed that on server’s return from single vacation, if he finds the system empty, he 

waits for the customers to arrive. They have obtained the expressions for the Laplace-
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Stieltjes transform of the system measures, like occupation period, vacation period, and 

waiting time. The two models are then compared and in some special cases, the optimal 

mean vacation times are found. 

Levy and Yechiali (1976) have dealt with an M/M/S queueing model with vacation and 

obtained expressions for the expected system length. They observed that the mean system 

size is a linear function of the mean vacation time. 

Scholl and Kleinrock (1983) studied an M/G/1 queue with rest periods and FCFS order of 

service. They gave results concerning the behaviour of the delay under the FCFS 

discipline. They obtained the second moment of the waiting time in this system with rest 

periods and random order of service. Also, they obtained the Laplace-Stieltjes transform 

of the distribution function of the waiting time in the above system with rest periods and 

non-preemptive LCFS order of service. Further they found the relationship between the 

second moments of the waiting time in an M/G/1 queue with rest periods under the 

FCFS, ROS and LCFS disciplines with those found by Takacs (1963) for the M/G/1 

queue with rest periods. 

A key result in the analysis of the M/G/1 models studied by Levy and Yechiali (1975), 

Yadin and Naor (1963), Heyman (1977) and Scholl and Kleinrock (1983) is that the 

number of customers present in the system at a random point of time in equilibrium is 

distributed as the sum of two independent random variables: 

(i) The number of Poisson arrivals during a time interval that is distributed as the 

equilibrium forward recurrence time (residual life) of a vacation. 

(ii) The number of customers present at a random point in time in equilibrium in the 

corresponding standard M/G/1 queueing system, i.e., no vacations but the same 

arrival rate and service time distribution. 

None of the above cited references, however, offer an intuitive explanation for this result. 

Fuhrmann (1984) pointed out an intuitive explanation, which simultaneously provided a 

more simple and elegant method of solution. 

Servi (1986) studied D/G/1 queue with vacations. He gave an example of this model 

where many data switching systems have processors with arrival streams of regularly 
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(deterministically) spaced tasks requiring attention (e.g. directing the bytes to the 

appropriate outgoing line). In many of these systems, the processor might also be 

required to handle other jobs such as small maintenance routines or secondary tasks that 

await service in one or more queues as well. From the point of view of the primary queue 

of tasks, the processor ceases its service and takes vacation. The performance of such a 

system is determined in part by the processor service schedule. He defined and analysed a 

model for investigating the waiting time at the primary queue in such systems in terms of 

the primary task arrival rate, the probability distribution of the vacation duration and the 

processor’s service schedule. He assumed time to be discrete and examined two service 

disciplines in detail. 

(i) The exhaustive service discipline: After completing a vacation, the system serves 

customers exhaustively (i.e., until the queue is empty) before initiating another 

vacation. One or more consecutive vacations take place until the queue is not 

empty upon completion of a vacation. At this time service resumes. 

(ii) The single server discipline: After completing a vacation with a non-empty queue, 

the system serves exactly one customer before initiating another vacation. After 

completing a vacation with an empty queue, it immediately initiates another 

vacation. 

He has presented conditions under which the steady state waiting time probability 

distribution is not unique but, in fact, is dependent on the system’s initial conditions. He 

demonstrated that, mathematically, the single service discipline is a special case of the 

exhaustive service discipline. He considered a special case in which the service time is 

less than or equal to the inter-arrival time with probability one and proved that within this 

class of service time distributions the waiting time will not decrease if the service time 

decreases. 

Doshi (1985) studied variable vacations for M/G/1 model. He considered the probability 

of the vacation lengths depending upon the number of consecutive vacations taken during 

a single busy cycle and the server must continue to take vacations until he returns to find 

customers waiting. 
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The major general result for vacation models is the “Stochastic Decomposition Result”, 

which allows the system to be analyzed by considering separately the distribution of the 

queue size with no vacations and the additional queue size due to vacations. This 

important result was first established by Fuhrmann and Cooper (1985) for generalized 

vacation as well as multiple vacation models, where the server keeps on taking a 

sequence of vacations of random length till it finds at least one unit in the system to start 

each busy period for the M/G/1 queueing system. 

Keilson and Servi (1986) analyzed the general GI/G/1 queue where the random decision 

whether to take a vacation or not is allowed only at instances when the system is not 

empty (and a service or vacation has just been completed). If the system is empty, the 

assumption for their model is that the server must take another vacation. 

Doshi (1986) presented a survey on queueing systems with vacations. In this survey, he 

gave an overview of some general decomposition results and the methodology used to 

obtain these results for single vacation and multiple vacation models. He has also shown 

how other related models can be solved in terms of the results for these basic models. 

Jacob and Madhusoodanan (1988) examined the time-dependent behaviour of the infinite 

capacity M/G/1 model with group arrivals and server vacations. They assumed that the 

arrivals of customers follow a compound Poisson process and the service time and 

vacation periods are distributed according to general distributions. Using renewal 

theoretic arguments, they derived explicit expressions for the system size probabilities at 

arbitrary epochs and also obtained expressions for the probability distribution of the 

virtual waiting time in the queue at any time t. 

Minh (1988) obtained the transient solutions for some exhaustive M/G/1 queues with the 

server unavailable for occasional intervals of time, independently with the arrival and 

service processes. 

Tian et. al. (1989) analysed the GI/M/1 queue with exhaustive service and multiple 

vacations using matrix-geometric method. They derived probability distribution of the 

queue length at arrival epochs. Further, discussed the limiting behaviour of the 

continuous time queue length processes and obtained the probability distributions for the 

waiting time and busy periods. 
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Leung and Eisenberg (1990) analysed an M/G/1 queue with multiple server vacations and 

gated time-limited service. Kella (1990) considered the M/G/1 queue with server’s 

vacation with the assumption that the decision whether or not to take a new vacation, 

when the system is empty, depends on the number of vacations already taken through a 

random outcome. The single vacation model and the multiple vacation model considered 

by Levy and Yachiali (1975) and others are special cases of this model. He obtained 

Laplace-Stieltjes transforms of the results under the expected long-run average cost 

criterion with linear holding costs, fixed setup cost and a concave piecewise linear reward 

function for being on vacation. 

Choudhury (1996) has obtained the steady state solution of an M/M/1 queue with a 

random setup time and indicated some actual situations in queueing and inventory 

analysis, where such models could be useful. 

Feinburg and Kim (1996) studied the bicriterion optimization of an M/G/1 queue with a 

server that can be switched on and off. The first criterion is the average number of 

customers in the system and the second is the average operating cost per unit time. 

Borthakur and Choudhury (1997) analyzed the steady state behavior of M
x
/M/1 queue 

and generalized vacations. They obtained the queue size distributions at stationary point 

of time, departure point of time and vacation initiation point of time. Also, they showed 

that the departure point of time queue size distribution decomposes into three random 

variables one of which is the queue size of the standard M
x
/M/1 queue.       

Choudhury and Borthakur (2000) discussed and derived analytically some stochastic 

decomposition results for a class of batch arrival Poisson queues with a grand vacation 

process at various points of time. Also, they derived new results as generalizations of 

known results for the vacation model. 

Ke (2003) has analyzed the optimal policy for M/G/1 queueing system of different 

vacation types with startup time.  

1.13.2. Queues with working vacations 

A queue with working vacations was first studied by Servi and Finn (2002) in which the 

server works at a different rate rather than completely stopping service during the 
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vacation.  They obtained queue length distribution of the M/M/1 queue. They presented 

the simple explicit formulae for the mean, variance and distribution of the number and 

time in the system.  This work is illustrated by the analysis of a WDM optimal access 

network. 

Wu and Takagi (2006) studied an M/G/1 queueing system with multiple working 

vacations and exhaustive service discipline. They assumed that the service times during 

vacation are also generally distributed and derived the distributions for the queue size and 

the system time for an arbitrary customer in the steady state, and considered some special 

cases. 

Jain and Agrawal (2007) studied a state dependent M/Ek/1 queueing system with server 

breakdowns and working vacations. Constructing the Chapman Kolmogorov equations, 

they obtained the steady state probability distribution of the number of jobs in the queue 

and obtained average queue length, expected length of working vacation, expected length 

of cyclic period, expected length of busy period and expected length of breakdown 

period. 

Banik et al. (2007) analyzed the GI/M/1/N queue with working vacations. Liu at el. 

(2007) established a stochastic decomposition result the M/M1 queue with working 

vacations.   

Li and Tian (2007 a) analyzed the M/M1 queue with working vacations and introduced a 

new policy: Vacation interruption. Under such a policy, the server enters into vacation 

when the system becomes empty and takes service at a lower rate if there are new arrivals 

in the vacation period. If there are customers in the system at a service completion instant 

in the vacation period, the server can come back to the regular busy period no matter 

whether vacation ends. Otherwise, he continues the vacation.   

Li at el. (2009) established the conditional stochastic decomposition result in the M/G/1 

queue with exponentially working vacations using matrix analytic approach. 

Jain and Jain (2010) studied a single server working vacation queueing model with server 

breakdowns, which require a sequence of stages of repair before service is restored.  They 
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obtained various system performance measures and performed sensitivity analysis to 

study the effect of different parameters.  

Baba (2010) studied an M/PH/1 queue with working vacations and vacation interruption 

such that the vacation time follows a PH distribution.  He provided expressions for the 

queue length and the waiting time. 

1.13.3. Queues with N-policy 

Yadin and Naor (1963) were first to introduce the concept of N-policy. They analyzed an 

M/G/1 queueing system and obtained the optimal value of the queue size at which to start 

on a single server, assuming that the form of the policy is to turn on the server when the 

queue size reaches a certain number, N and to turn him off when the system size is 

empty. 

Heyman (1968) examined the economic behaviour of the system M/G/1 when costs are 

associated with the length of the queue, the operation of the server, and the change of the 

service state. The model is somewhat artificial in the sense that startup costs are incurred 

in the absence of any distinct startup times. Generally, the addition of startup times makes 

the M/G/1 queue difficult to analyze. 

Baker (1973) considered the M/M/1 queue with exponential startups. He obtained the 

optimum number of customers present which minimizes the mean time cost when startup 

times are zero and non-zero respectively. 

Kella (1989) Provided detailed discussions concerning N-policy queueuing systems with 

vacations. 

Takagi (1990) analysed the time-dependent joint process of the server state, the queue 

size and the elapsed time in that state for exhaustive service M/G/1 system with multiple 

vacations, single vacations, exceptional first service times and a combination of N-policy 

and setup times. 

Medhi and Templeton (1992) examined the steady state behaviour of an M/G/1 queue 

under N-policy and with a general startup time. They have generalized the results 

obtained by Borthakur et. al. (1987). 
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Lee and Park (1992) considered an N-policy M/G/1 system with early setup: the server 

starts with setup when m < N customers are waiting.  If there are still less than N 

customers are waiting after setup, he waits until N customers accumulate in the system.   

Takagi (1993) presented a steady state analysis of M/G/1/K queues which combined 

N-policy and setup times before service periods. The queue length distributions and the 

mean waiting times are obtained for an exhaustive service system, the gated service 

system, the E-limited service system and the G-limited service system and also provided 

numerical examples. 

Wang and Huang (1995 b) derived the closed form solutions for the M/Ek/1 queueing 

system with N-policy and reliable server. In another paper, Wang and Huang (1995 a) 

dealt with the economic behaviour of a removable server in the N-policy M/Ek/1 

queueing system with finite capacity. They derived the expressions for the probability 

mass functions of the number of customers in the system in closed form. Also, they 

constructed the cost function for the total expected cost per unit time, and determined the 

optimal operating policy at a minimum cost. 

Lee and Park (1997) considered a queueing system in which the server is deactivated as 

soon as the system empties. The server is reactivated and starts a setup when m customers 

accumulate in the queue. After the setup, if there are less than N (≥ m) customers in the 

queue, the server remains dormant in the system until the number of customers reaches 

N. If N or more customers are in the queue after the setup, the server begins to serve the 

customers immediately. They called this policy (m, N)-policy. They applied the results of 

decomposition property to the system, derived queue length distribution and mean queue 

length. They proposed a linear cost model and developed a procedure that allows to find 

the joint optimal (m, N) value that minimizes the average stationary operating cost. 

Choudhury (1997) studied the queue size distribution of an M/M/1 queue under N-policy 

with general setup time, and showed that the queue size can be decomposed into two 

independent random variables. viz. 

(i)  The queue size of a standard M/M/1 queue, and 

(ii)  The additional queue size due to residual life of a typical vacation period.    
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Choudhury (1997) has made an exhaustive study of the steady state behaviour of a 

Poisson under N-policy with a set up time introducing the concept of vacation period. 

Choudhury (1998 b) considered a general class of control operating policy with a random 

setup time, where with T-policy and N-policy are considered. He obtained the queue size 

distribution at different points of time of the M/G/1 queue and demonstrated the 

decomposition property. 

Gupta (1999) considered an N-policy queueing system with startup time, finite source 

and warm spares. He derived closed form expressions for recursively calculating the 

stationary distribution and presented an efficient algorithm to find the stationary 

probability distribution of the number of customers in the system as well as the 

performance measures of these models. 

Hur and Paik (1999) studied an M/G/1 queue with general server setup time under 

N-policy. They considered that the arrival rate varies according to the server’s status: 

idle, setup and busy states. They derived the Laplace-Stieltjes transforms of waiting time 

and found the optimal value of N from which the server starts setup by minimizing the 

total expected cost. 

Wang and Ke (2000) developed a recursive method, using the supplementary variable 

technique, to obtain the exact steady-state solutions for the N-policy M/G/1 queueing 

system with finite and infinite capacity. 

Ke (2001) studied the optimal control of an M
X
/G/1 queue with two types of generally 

distributed random vacation: type 1 (long) and type 2 (short) vacations.  As soon as the 

system becomes empty, the server is turned off and takes a type 1 vacation.  If the 

number of customers waiting in the system is less than Q, when he returns from a 

vacation, the server will go on a type 1 vacation again.  If the number of customers 

waiting in the system is greater than or equal to Q and smaller than N, the sever will take 

a type 2 vacation.  If N or more customers are accumulated in the system, the server is 

immediately turned on but is temporarily unavailable to the waiting customers as he 

needs a startup time.  He has derived important system performance measures.  He 

constructed the total expected cost function to determine the joint optimal threshold (Q*, 

N*) that minimizes the cost. 
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 Ke (2003 a) studied a single removable server in a M/G/1 queueing system with finite 

capacity where the server applies an N-policy and takes multiple vacations when the 

system is empty. He provided a recursive method, using the supplementary variable 

technique and treating the supplementary variable as the remaining inter-arrival time, to 

develop the steady state probabilities of the number of customers in the system. He 

obtained the distributions of the number of customers in the queue at pre-arrival epochs 

and at arbitrary epochs, as well as the distributions of the waiting and the busy period. 

Tadj and Ke (2003) studied the optimal control of a bulk service queueing system under 

N-policy. If the number of customers in the system at a service completion is larger than 

some integer r, then the server starts processing a group of customers. If on the other 

hand it is smaller than r, then the server goes through an idle period and waits for the line 

to grow up to some integer N (N ≥ r). They presented the system characteristics by means 

of the embedded Markov chains and semi-regenerative techniques. Also, they constructed 

the total expected cost function and determined the optimal threshold r and N that yields 

minimum cost. 

Wang and Yen (2003) studied a single removable server queueing system with Poisson 

arrivals and K-type hyper-exponential service time distribution operating under N-policy. 

They have obtained the system performance measures: the expected number of customers 

in the system, the expected waiting time in the queue and the expected waiting time in the 

system, and developed a total expected cost function per unit time to determine the 

optimal operating N-policy at minimum cost. 

Tadj et al. (2006) designed an optimal management policy for a bulk service queueing 

system with random setup time operating under N-policy with server vacations based on 

Bernoulli schedules. 

Moreno (2008) analyzed a discrete-time single server queueing system whose arrival 

stream is a Bernoulli process and service times are generally distributed. His model 

generalizes the concept of the N-policy, in the sense of turning the server on at the 

beginning of each cycle with probability θi, whenever i (≥ 1) customers are present in the 

queue. He obtained the probability distributions of the lengths of the different periods in a 



 

31 

 

cycle and the distributions of the time spent waiting in the queue / system. Also proposed 

a cost model and presented numerical study. 

Liu et al. (2010) presented a new approach for the study of M/G/1 queueing system under 

N-policy with general startup/closedown times. They derived the recursion expressions of 

system size distribution for two different N-policy M/G/1 queueing systems with general 

startup/closedown times.  

Choudhury and Tadj (2011) studied an M
x
/G/1 Bernoulli vacation queue with two phase 

of service and reliable server under the N-policy. They derived the optimal stationary 

policy under a linear structure.  

1.13.4. Queues with T-policy, (N, T)-policy, D-policy and other control policies 

Balachandran (1973) analyzed an M/G/1 queueing system with N-policy and D-policy. 

He has shown that for the constant service, the two optimal policies are equivalent and 

for exponential service the D-policy is not superior to the N-policy. Later, Balachandran 

and Tijms (1975) corrected some expressions in his earlier paper (1973) and showed that 

D-policy is superior to N-policy when the service time distribution is exponential. 

The T-policy with a reliable server was first investigated by Levy and Yechiali (1975) for 

the M/G/1 queue with server vacation. In the systems considered by Yadin and Naor 

(1963), Heyman (1968) and Baker (1973), the server returns to the main queue when the 

queue size accumulates to N units. In Levy and Yechiali model, the server returns to the 

main queue only on termination of its vacations – independently of the number of 

customers present there. 

Heyman (1977) studied the M/G/1 queueing system with T-policy and showed that 

optimal N-policy is always better than optimal T-policy. 

Doganta (1990) first considered the (N, T)-policy M/G/1 queueing system with a reliable 

server. 

Artalejo (1992) studied the M/G/1 queueing system under the three control policies, N, T 

and D-policy. He has shown that D-policy is superior to the N-policy when the cost 

function is based on the mean work load, and the average queue length is used to show 
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that N-policy is superior to T-policy. Also, he has shown that the relation between the 

optimum N and D policies depends on the employed cost function.   

Gakis et al. (1995) introduced the concept of Min (N, T)-policy. They obtained the 

distribution and the first two moments of the busy and idle periods in the Min (N, T)-

policy M/G/1 queueing system with a reliable server operating under six dyadic policies. 

They have also shown that in all the policy cases, the steady state probability that the 

server is busy is equal to the traffic intensity. 

Alfa and Frigui (1996) studied a discrete NT-policy single server queue with Markovian 

arrival process and phase type service. They obtained the average queue length and the 

probability that the server is on vacation. Also, they derived the steady state distribution 

of the waiting time at arrivals and showed that the vacation period distribution is of phase 

type. 

Li and Alfa (2000) studied two different kinds of (N, T)-policies for an M/M/m queueing 

system. The two (N, T)-policies studied for these two queueing systems with cost 

structure are: (i) The system is reactivated as soon as N customers are present or the 

waiting time of the leading customer reaches a predefined time T and (ii) the system is 

reactivated as soon as N customers are present or the time units after the end of the last 

busy period reaches a predefined time T. They obtained the equations satisfied by the 

optimal policy (N*, T*) for minimizing the long run average cost per unit time in both 

cases. Their results partly extend the classical N or T-policy to a more practical (N, T)-

policy. 

Alfa & Li (2000) studied the optimal (N, T)-policy for an M/G/1 system with cost 

structure. They obtained the explicit optimal policy for minimizing the long run average 

cost per unit time. 

Feinberg and Kella (2002) studied optimality of D-policies for an M/G/1 queue with a 

removable server. They proved that there is an optimal policy that either runs the server 

all the time or switches the server off when the system becomes empty and switches it on 

when the workload reaches or exceeds some threshold D. The cost structure consists of 

switching costs, running costs and holding costs per unit time. 



 

33 

 

Tadj (2003) studied an M/G/1 quorum queueing system under T-policy. He derived the 

system size distribution in the steady state for the embedded and the continuous time 

parameter processes. System characteristics like, idle and busy periods are obtained and 

discussed as special cases. 

Hur et al. (2003) analyzed the M/G/1 system with N and T-policies. If either of N or T-

policy conditions is satisfied, then the server starts the service. They obtained the 

probability distribution of the number of customers at a steady state and found the 

optimal operating policy through a cost function. 

Tadj and Choudhury (2005) surveyed the different kinds of threshold policy models 

available in the literature. They have confined to the research papers dealing with 

N-policy, T-policy and D-policy, where a cost function is designed specially and optimal 

thresholds that yield minimum costs. 

Kim and Moon (2006) studied an M/G/1 queueing system with a server that can be 

switched on and off under T-Policy with a Bernoulli schedule. They obtained the optimal 

control policy, which minimizes the average operating cost per unit time. 

Wang et al. (2007 a) investigated the optimal management problem of an M/G/1/K 

queueing system with combined F-policy and an exponential startup time. They presented 

a recursive method, using the supplementary variable technique and treating the 

supplementary variable as the remaining service time to obtain the steady state 

probability distribution of the number of customers in the system. They illustrated the 

method analytically for exponential service time distribution. A cost model is established 

to determine the optimal management of F-policy at minimum cost. 

Kuo et al. (2009) analyzed a single unreliable server in an M/G/1 queue with combined 

(p,N)-policy and a general startup before each service period. They assumed that the 

breakdown times of the server follow exponential distribution and the repair times obey 

an arbitrary distribution. They derived some important system performance measures and 

used an efficient procedure for searching the optimal threshold (p*,N*) value that 

minimizes the cost function. 
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1.13.5. Batch arrival queueing systems 

Baba (1986) studied an M
X
/G/1 queueing system with multiple vacations. He derived the 

general queue length distribution at an arbitrary time. Also, he obtained the waiting time 

and busy period distributions under multiple vacation policy using supplementary 

variable technique. 

Lee and Srinivasan (1989) considered M
X
/G/1 queueing system under the following two 

control policies: (1) every time an arrival occurs, the server inspects the state of the 

queue.  If the total number of units is found to have reached or exceeded a pre-specified 

value m, the server begins to serve the system until it is empty. As soon as the server is 

turned off, it and remains idle until the accumulated number of units reaches or exceeds 

m for the first time.  This is referred to as m-policy without vacation.  (2) In this case, 

when the server completes service and finds the system empty, he takes a vacation for a 

random amount of time.  At the end of the vacation, the server determines the number of 

units present in the queue.  If the queue length at that time is below m, he immediately 

takes another vacation.  On the other hand, if the queue length is greater than or equal to 

m, he then begins to serve the system until it is empty.  This is referred to as m-policy 

with vacation.  For both these policies, they obtained the mean waiting time of an 

arbitrary unit for a given value of m and found the stationary optimal m-policy which 

minimizes the expected cost per unit time in the long run, under this cost structure.  

Lee et al. (1995) and Lee et al. (1994) have extended the stochastic decomposition result 

to a more general class of N-policy M
[X]

/G/1 queue with single and multiple vacations. 

They have also introduced the notion of grand vacation process. By an ingenious 

combination of supplementary variable approach and Semi-Markov technique they have 

proved that the probability generating function of the queue size can be decomposed into 

three independent random variables, one of which is the queue size of the standard 

M
X
/G/1. 

Lee (1995) considered an M
X
/G/1/K queue in which the removable server applies the 

(V, N)-policy. He characterized an optimal policy and developed an algorithm to find an 

optimal policy which minimizes the expected cost per unit time. 
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Chae and Lee (1995) derived mean performance measures for M
X
/G/1 type of vacation 

model under both multiple as well as single vacation policies. Borthakur and Choudhury 

(1997) and Choudhury (1998 b) have introduced the concept of vacation period along 

with batch arrival for Poisson queues. 

Choudhury (1998 a) studied a batch arrival Poisson queue with a random setup time, 

where the concept of random batch arrival, a setup time and a vacation period are 

introduced. This is an extension to M/M/1 queue with a random setup time studied by 

Choudhury (1997). 

Krishna Reddy et al. (1998) derived the system size distribution and expected length of 

idle and busy periods of M
X
/G 

(a, b)
/1 queueing system with N-policy, multiple vacations 

and setup time.  

Choudhury and Borthakur (2000) derived analytically some stochastic decomposition 

results for a class of batch arrival Poisson queues with a grand vacation process at various 

points of time (e.g. random point of time, departure point of time, stationary point of time 

and termination point of idle period). Also, they obtained some new results as 

generalization of known results for the vacation model, which leads to a remarkable 

simplification, while solving more complex M
X
/M/1 type queue. 

Choudhury (2000) studied an M
X
/G/1 queueing system with a vacation period and which 

consists of an idle period and a random setup period. He derived analytically explicit 

expressions for the system state probabilities and some performance measures of the 

queueing system. Also, he derived the probability generating function of the additional 

queue size distribution due to vacation period as the limiting behaviour of the M
X
/M/1 

type queueing system. 

Choudhury (2002 a) studied an M
X
/G/1 queueing system with a vacation time under 

single vacation policy, where the server takes exactly one vacation between two 

successive busy periods. He derived the steady state queue size distribution at different 

points of times as well as the steady state distributions of busy period and unfinished 

work. 
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Choudhury (2002 b) analyzed the steady state behaviour of the queue size distribution for 

the M
X
/G/1 queue with multiple vacation policy at the stationary point of time as well as 

at departure point of time through an analytic approach. Also, he has shown that the 

departure point queue size distribution of this model can be expressed as convolution of 

the distribution of three random variables, one of which is the queue size of the standard 

M
X
/G/1 queue without vacations. He has given the interpretations of the other two 

random variables. 

Ke (2003 d) considered the optimal control of M
[X]

/G/1 queueing system with two types 

of generally distributed random vacations and startup times. The server is turned off and 

takes type I vacation whenever the system is empty. If the number of customers waiting 

in the system at the end of a vacation completion is less than Q, the server will take a type 

I vacation. If the number of customers in the system is greater than or equal to Q and 

smaller than N, the server will take a type II vacation. If the server returns from a 

vacation and finds at least N customers in the system, the server is immediately turned on 

and requires a startup time. He developed the total expected cost function per unit time to 

determine the suitable thresholds of Q and N at a minimum cost. 

Hur and Ahn (2005) studied a batch arrival queue with three types of idle periods: 

threshold, multiple vacations and single vacations and with setup time.  

Arumuganathan and Malliga (2005) studied a M
X
/G 

(a,b)
/1 queueing system with multiple 

vacations and repair of service station on request by a leaving batch of customers and 

setup time. Probability generating function of the steady state queue size at an arbitrary 

time is obtained using supplementary variable technique. They presented expected 

system length, the busy period, the idle period and a cost model with numerical results. 

Arumuganathan and Jayakumar (2005) considered an M
X
/G

(a,b)
/1 queueing system with 

multiple vacations, setup time with N-policy and close down times. 

Tadj et al. (2006) designed an optimal management policy for a bulk arriving queueing 

system with random setup time under Bernoulli vacation schedule and N-policy. They 

studied the discrete time parameter and continuous time parameter stochastic processes 

and designed a linear cost structure. Also, they suggested an algorithm to determine 

optimal management policy. 
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Choudhury (2008) studied the queue size distribution of an M
X
/G/1 queue with a random 

setup time and with a Bernoulli vacation under a restricted admissibility policy. This is a 

generalization of the model studied by Madan and Choudhury (2004). 

 1.13.6. Queueing systems with server breakdowns 

Madan (1989) studied a single server queueing system with exponential service in 

batches of fixed size and the server is subject to breakdowns. He assumed that both the 

operative times and the repair times of the service channel are exponential.  He obtained 

the steady-state probability generating function of the queue size and derived some 

particular cases.Madan (1992) generalized this to the case where the repairs are 

performed in two phases. 

Federgruen and So (1989) considered an M/G/1 queueing system where the server is 

subject to breakdowns according to a Poisson process. When the server breaks down it 

may be repaired immediately are the repair may be postponed to some future point of 

time. He has presented optimal operating policy which minimizes the long- run average 

operating costs of the system. 

Federgruen and So (1990) studied a single server queueing system with Poisson arrivals 

and Poisson service times. While the server is up it is subject to breakdowns, and needs to 

be repaired by initiating one of the two available repair operations. They obtained a 

corrective maintenance problem that minimizes the long run cost of the system.  

Wang (1995) obtained the analytic closed form solutions of the M/M/1, N-policy 

queueing system with non-reliable server. The optimal operating N-policy is determined 

so as to minimize the total expected cost for various values of system parameters.  

Wang and Hsieh (1995) studied the economic behaviour of a removable and non-reliable 

server in a Markovian queueing system with finite capacity under steady state conditions. 

The removable server applies N-policy. They developed a cost model to determine the 

operating N-policy numerically in order to minimize the total expected cost per unit time.  

Li et al (1997) studied the reliability analysis of an M/G/1 queue with server breakdowns 

and Bernoulli vacations where the server uptimes are assumed to be exponential and 
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repair times are arbitrarily distributed.  Using the supplementary variable technique they 

obtained a transient solution for both queueing and reliability measures of interest. 

Tang (1997) considered a single server M/G/1 queueing system. While the server is up 

and working, it is subject to breakdowns according to a Poisson process; while the server 

is up but idle it is subject to breakdowns according a renewal process.  He has discussed 

some queueing problems of the system, and also some reliability problems of the server. 

Wang (1997) dealt with a single removable service station with Poisson arrivals and 

Erlang distribution service times, subject to breakdowns. They have derived the steady 

state results of the system and showed that the probability that the service station is busy 

is equal to the traffic intensity. Constructing the total expected cost function per unit time, 

he determined the optimal operating policy at minimum cost. 

Wang et al. (1999) analyzed the optimal control of a removable and non-reliable server in 

both an infinite and a finite M/H2/1 queueing system with Poisson arrivals and two-type 

hyper-exponential distribution for the service times. Cost models for both system 

capacities are respectively developed to determine the optimal operating policy 

numerically at a minimum cost.  Also, they investigated the sensitivity analysis through 

numerical illustrations. 

Ke (2003 c) studied an M
[X]

/M/1 queueing system with N-policy and server breakdowns. 

He derived the distribution of the system size and studied the steady state behaviour of 

the system size distribution at random (stationary) point of time as well as the queue size 

distribution at departure point of time. Cost function is developed to determine the 

optimal operating policy at a minimum cost. Also, he presented the sensitivity analysis. 

Ke (2003 b) studied the control policy of the N-policy M/G/1 queue with server 

vacations, startup and breakdowns. He assumed that the server breaks down according to 

a Poisson process and his repair time has a general distribution. He developed a total 

expected cost function per unit time and determined the optimal threshold of N at a 

minimum cost. 

Madan (2003) studied the steady state behaviour of an M/G/1 type queue with random 

breakdowns and deterministic repair times of fixed length using the supplementary 
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variable technique.  He assumed that the breakdowns are random and time-homogeneous 

which means that service channel may fail not only while it is working, but it may fail 

even when it is idle. 

Wang (2003) studied a single removable and non-reliable server in an M/M/1 queueing 

system with N-policy and startup times under steady-state conditions. He has shown that 

the probability that the server is busy is equal to the traffic intensity and developed cost 

model to determine the optimal operating N-policy at a minimum cost. 

Gray et al. (2004) considered a general queueing model in which the server may 

experience several types of breakdowns, where each type of breakdown requires a finite 

random number of stages of repair before service is restored.  They obtained necessary 

and sufficient condition for the stationary queue length distribution to exist.  They have 

shown how to compute the queue length distribution by the matrix geometric method and 

found an explicit expression for its mean.  Also, found the properties of several random 

variables associated with the model, such as the repair time for a server breakdown, a 

customer’s completion time, the number of stages of repair required to restore service, 

and some relationships among these variables and between them and the number of 

breakdowns that occur during a customer’s completion time.  

Ke (2004) studied a like-queue M
X
/G/1 production system under bi-level control policy, 

where an unreliable server operates N-policy with early startup.  He considered the 

following two cases: 

(i)  (m,N) - policy without vacation and (ii) (m,N) - policy with vacation. 

Server breakdowns occur according to a Poisson process and his repair time has a general 

distribution.  He obtained the probability generating function of number of customers in 

the system through the decomposition property and then derived the system 

characteristics. 

Pearn et al. (2004) studied the management policy of an M/G/1 queue with a single 

removable and non-reliable server. They applied MATLAB program to find the optimal 

threshold of management policy and some system characteristics. 
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Wang et al. (2004) considered a single removable and non-reliable server, N-policy 

M/HK/1 queueing system with both infinite and finite capacity and obtained steady state 

results. A cost model for infinite capacity queueing system is developed to determine the 

optimal operating policy and another cost model for finite capacity queueing system is 

developed to determine the optimal operating policy and the optimal system capacity, 

simultaneously. 

Ke (2005 ) analyzed system characteristics of an M/G/1 queue with an unreliable server 

who needs a startup and with a modified T-policy. After the queue becomes empty, the 

server takes at most J vacations of constant length T repeatedly until at least one 

customer is found waiting in the queue upon returning from a vacation. If no customer 

arrives by the end of the J
th

 vacation, the server remains dormant in the system until at 

least one customer arrives. 

Wang at el. (2005) analyzed a single removable and un-reliable server in the N-policy 

M/G/1 queueing system in which the breakdown times of the server follow the 

exponential distribution and the repair times of the server obey a general distribution. 

They used the method of maximum entropy to develop the approximate steady-state 

probability distribution of the queue length. They suggested that the maximum entropy 

principle provides a useful method for solving complex queueing systems. 

Ke (2006 b) studied the vacation policies of an M/G/1 queueing system with server 

breakdowns, startup and closedown times, in which the length of the vacation period is 

controlled either by the number of arrivals during the vacation period, or by a timer.  He 

derived the system size distribution, the waiting time distribution in the queue and other 

system characteristics for two different kinds of NT policy models. 

Ke (2007) studied the operating characteristics of an M
X
/G/1 queueing system under two 

vacation policies with startup/closedown times, where the vacation time, the startup time, 

and the closed down time are generally distributed.  After all the customers in the system 

are served exponentially, the server is shutdown by a closedown time.  After shutdown, 

the server operates one of (1) multiple vacation policy and (2) single vacation policy.  

When the server reactivates since shutdown, he needs a startup time.  He obtained several 

system performance measures. 
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Wang et al. (2007 b) studied an N-policy M/G/1 queueing system with a single 

removable and unreliable server who needs startup. They analyzed various system 

parameters and developed a total expected cost function to determine the optimal 

threshold N at a minimum cost. 

Wang et al. (2007) analyzed the exact and approximate steady-state results for the 

M
x
/M/1 queueing system with multiple vacations and server breakdowns using birth-and-

death process and maximum entropy approach.  

Anantha Lakshmi et al (2008) studied the N-policy M
X
/M/1 queueing system with a 

removable, non-reliable server and startup times.  They obtained various system 

performance measures and established the stochastic decomposition property.  Also, they 

presented the optimal control policy under a liner cost structure. 

Ke and Lin (2008) analyzed the M
X
/G/1 queueing system in which the server operates  

N-policy and a single vacation with server breakdowns.  The maximum entropy approach 

is used to examine the steady state probability distribution because the exact probability 

distribution of the variant vacation system is difficult to be obtained.  

Tadj and Choudhury (2009) analyzed a single channel general bulk service quorum 

queueing model with Poisson arrivals, Poisson failures and general repair times.  They 

obtained the stability condition for the model of the system and derived the probability 

generating function of the steady-state probability vector of the number of customers in 

the system at a departure epoch and at an arbitrary epoch.  Also, various system 

characteristics are derived in order to characterize optimal management policy.   

Wang et al (2009) investigated the T-policy M/G/1 queue with server breakdowns and 

startup times. They analyzed various system performance measures and developed the 

total expected cost function in which T is a decision variable. Also, performed a 

sensitivity analysis to discuss how the optimal threshold T can be affected by the changes 

in the input parameters. 

Wang and Huang (2009) used a maximum entropy approach to study a single removable 

and unreliable server in an M/G/1 queue operating under the (p, N)-policy.  They 

performed a comparative analysis between the derived approximate results with exact 
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analytic results for three different service time and repair time distributions such as 

exponential, uniform and gamma and illustrated through numerical results that the 

maximum entropy approach is sufficiently accurate for practical use. 

Tadj and choudhury (2013) studied an M
x
/G/1 queue with unreliable server, delayed 

repairs and Bernoulli vacation schedule under T-policy. They designed the optimal 

operating policy and provided numerical examples. 

Charanjeet singh et al. (2013) investigated an unreliable single server bulk queue with 

state dependent arrivals. They obtained some performance indices such as mean number 

of units in the system, mean waiting time. They employed the principle of maximum 

entropy to obtain approximate value of the system state probabilities. 

1.13.7. Queueing systems with two essential phases of service 

Two-phase queueing system with two essential phases of service was first introduced by 

Krishna and Lee (1990). They considered the exhaustive service with and without gating 

for the M/M/1 queueing system and derived the sojourn time distribution and its mean for 

an arbitrary customer. 

Doshi (1991) derived the transforms of the queue length at departure epochs, queue 

length in steady state and sojourn time of an arbitrary customer for the M/G/1 queueing 

system in which each customer receives two services. He considered both gated and 

exhaustive services. 

Selvam and Sivasankaran (1994) first introduced two-phase queueing system with server 

vacations and analyzed the model using the Laplace-Stiltjes transforms. 

Kim and Chae (1998) studied a single server two-phase queueing system with N-policy.  

First phase of service is batch service and the second phase of service is individual.  They 

obtained the system size distribution and showed that the system size decomposes into 

three random variables.  Further, they derived the system sojourn time and mean waiting 

time by heuristic inspection.  They considered a linear cost structure and derived the 

optional stationary operating policy. 

Madan (2001) considered Bernoulli schedule server vacations for a single server queue in 

which the server provides a two-stage heterogeneous service with different general 
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service time distributions to the incoming customers. He obtained the steady state 

probability generating function of the queue length for various states of the server and 

obtained results for some particular cases. Also, he cited some important applications of 

the day to day life situations.   

Kim et al. (2003) introduced the modeling and analysis of a discrete-time, two-phase 

Geo/G/1 queueing system for both gated and exhaustive batch services, derived the 

probability generating function of the system size and showed that it is decomposed into 

two probability generating functions of the system size in the standard discrete-time 

Geo/G/1 queue without vacations. Also, they presented the probability generating 

function of the sojourn time. Based on these probability generating functions, they 

derived useful performance measures such as the mean number of packets in the system 

and the mean sojourn time of a packet. 

Kim and Park (2003) studied single server two-phase queueing system with N-policy. 

They obtained the system size distribution and showed that the system size decomposes 

into three random variables and provided system sojourn time. Also, they provided the 

analysis of gated service and derived the condition under which the optimal operating 

policy is achieved. 

Choudhury and Madan (2005) studied a two-stage batch arrival queueing system with a 

modified Bernoulli vacation schedule under N-policy. They derived the queue size 

distribution at a random epoch as well as at a departure epoch under the steady state 

conditions and demonstrated the existence of stochastic decomposition property to show 

that the departure point queue size distribution of this model can be decomposed into the 

distributions of three independent random variables. Also, they derived some important 

performance measures. 

Dimitriou and Langaris (2008) studied a two-phase model where all arriving customers 

are queued up in a single ordinary queue.   After completion of the first phase of service 

the customer either proceeds to the second phase or joins the retrial box from where he 

retires, after a random amount of time, to find the server available, and to complete his 

second phase of service. The same authors (2010) generalized this model by allowing the 
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server breakdowns and repairs in both phases of service, and incorporating the server 

startup in order to start serving a retrial customer in the second phase of service. 

Vasanta kumar and Chandan (2008) presented the performance analysis of a Two phase 

M
x
/Ek/1 queueing system with the N-policy for exhaustive batch service with and without 

gating. They developed a cost model to determine the optimum value of N and presented 

a sensitivity analysis to study the effect of the system parameters on the value of N. 

1.13.8. Queueing systems with second optional phase of service 

Madan (2000 a) studied an M/G/1 queue with second optional service.  The service times 

of the first essential service follow general distribution and the second optional service 

follow exponential distribution.  Steady state probability generating functions are 

obtained and mean queue length and mean waiting time are obtained explicitly.  He 

derived the Pollaczec-Khinchine formula and some other known results including M/D/1, 

M/Ek/1 and M/M/1 are derived.    

Madan (2000 b, 2001) analyzed a single server queue with Poisson arrivals and second 

optional phase of service with different general service time distributions and binomial 

schedule server vacations with deterministic vacation periods. He obtained the steady 

state probability generating function of the queue length for various states of the server 

and obtained results for some particular cases. Also, he cited some important application 

in day to day life situations. Medhi (2002) considered an M/G/1 queue with second 

optional service. This is a generalization of the model considered by Madan (2001). 

Choudhury (2003 a) investigated the model considered by Medhi (2002) in more depth. 

Choudhury  (2003 b), in his paper deals with the steady state behaviour of an M
X
/G/1 

queue with an additional service channel where the server may provide two phases of 

heterogeneous service to the arriving customers.  He derived the queue size distribution at 

random epoch and queue size distribution at departure epoch as a classical generalization 

of Pollaczek-Khinchine formula for M
X
/G/1 queueing system. He obtained some 

performance measures of this model. 

Madan et al. (2004) studied a single server queue with batch arrivals and two-phases of 

general heterogeneous service with optional re-service and designated this as 
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M
X
/(G1,G2)/1 re-service queue.  The server provides either type of service to customers 

and the customer has the option to choose one of the services.  Further, after completion 

of his service the customer either leaves the system or he may demand re-service, in 

which one re-service commences immediately.  In the feedback systems studied by 

several authors, the customer re-joins the queue for re-service, whereas in this system a 

customer desiring re-service is instantly taken up for re-service.  

Choudhury and Madan (2004), and Choudhury and Paul (2004 b) considered a batch 

arrival queueing system, where the server provides two phases of heterogeneous service 

one after the other to the arriving batches under Bernoulli schedule vacation. After 

completion of both phases of service the server either goes for a vacation with probability 

r (0 ≤ r ≤ 1) or may continue to serve the next unit, if any, with probability (1-r). 

Otherwise, it remains in the system until a new batch of customers arrives. This extends 

the model studied by Madan (2000 b) and (2001).  

Choudhury and Paul (2004 a) studied an M
X
/G/1 queueing system with two phases of 

heterogeneous service under N-policy, where the server remains idle till the queue size 

becomes N (≥ 1). After first phase of service the server may leave the system or may go 

for a second phase of service in an additional service channel. They derived the queue 

size distribution at a random epoch as well as departure epoch and obtained some 

important performance measures. 

Wang (2004) considered an M/G/1 system with second optional service and unreliable 

server. Using a supplementary variable method, he obtained the transient and steady state 

solutions for both queueing and reliability measures of interest. 

Artalejo and Choudhury (2004) studied the stationary behaviour of an M/G/1 retrial 

queue with a second optional phase of service. Their analysis is based on a combination 

of embedded Markov chain analysis and Markovian renewal theory. This model 

generalizes the classical M/G/1 retrial queue and the M/G/1 queue with classical waiting 

line and second optional service. 

Choudhury (2005) obtained the steady state queue size distribution at a random epoch as 

a generalization of the results obtained in Choudhury (2000). He demonstrated the 
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stochastic decomposition property of the queue size distribution and discussed some 

related queueing models.    

Choudhury and Paul (2005) analyzed an M/G/1 queue with two phases of heterogeneous 

service and Bernoulli feedback system, where the server provide first phase of regular 

service to all the customers.  As soon as the first phase of service of a customer is 

completed, it may leave the system or may immediately go for second phase of optional 

service in one additional service channel.  However, after receiving the first phase or 

second phase of unsuccessful service by an unit, then it may immediately join the tail of 

the original queue as feedback customer to have another regular service.  They have 

derived the queue size distribution and the distribution of response time and busy period. 

Choudhury and Paul (2006) studied a two-phase Bernoulli vacation schedule system 

under multiple vacation policy. They obtained the queue size distributions at a departure 

epoch and at a random epoch. They also obtained the Laplace-Stieltjes transform of the 

waiting time distribution and busy period distribution along with the expected number of 

units during the idle period, first phase of service, second phase of service and vacation 

period. They have given the first four moments and cumulants for inter-departure time 

and moments of modified service times. 

Choudhury (2007) considered a single server queueing system with two phases of 

heterogeneous service and Bernoulli vacation schedule which operates under linear retrial 

policy. This model extends the classical M/G/1 retrial system with linear retrial policy as 

well as the M/G/1 queue with two phases of service and Bernoulli vacation schedule. 

Choudhury (2008) studied an M
X
/G/1 two-phase system with Bernoulli vacation schedule 

which operates under classical retrial policy. This model is a generalization of both the 

classical M/G/1 retrial policy with batch arrivals and a two-phase batch arrival queue 

with a single vacation under Bernoulli vacation schedule. He has carried out an extensive 

stationary analysis of the system and obtained the explicit expressions for the system 

steady state probabilities, fractional moments and expected number of customers (i) in 

the retrial group, (ii) in the system at a departure epoch and (iii) at a random epoch. 

Wang and Li (2008) studied a retrial queue with general retrial times, Bernoulli 

vacations, setup times and two-phase service. Customers are allowed to balk and renege 



 

47 

 

at particular times. They assumed that the retrial time, the service time, the repair time, 

the vacation time and the setup time of the server are all arbitrarily distributed. The 

steady state distributions of the server and the orbit length are discussed. They obtained 

some queueing measures such as the joint distribution of the server state and the queue 

length, and some reliability characteristics, such as the availability and failure frequency 

of the server. 

Senthil Kumar and Arumuganathan (2008) studied a single server retrial queue with 

batch arrivals, two phases of heterogeneous service and a general vacation time under 

Bernoulli vacation schedule. They obtained the steady state distribution of the number of 

customers in a retrial group, expected number of customers in a retrial group and 

expected waiting time of the customer in the orbit. Also, they discussed the applications 

of their model to the analysis of a communication protocol. 

Choudhury (2008) analyzed a single server queueing system with two phases of service 

and vacations. He has presented a unified approach of the results of several models and 

provided single proofs of decomposition results for multiple vacation models, T-policy 

models, single vacation models and N-policy models. 

Yue at el. (2011) analyzed a two-phase queueing system with impatient customers and 

multiple vacations. They derived the probability generating functions for the number of 

customers present in the system for various states of the server. Also, they obtained 

closed form expressions for various performance measures of the system.   

1.13.9. Two-phase queueing systems with server breakdowns  

Choudhury and Deka (2008) analyzed the steady-state behaviour of an M/G/1 retrial 

queue with an additional second phase of optional service subject to breakdowns 

occurring randomly at any instant while serving the customers.  This model generalizes 

both the classical M/G/1 retrial queue subject to random breakdowns as well as M/G/1 

queue with second optional service and server breakdowns.  They have derived some 

important performance measures of this model.  

Choudhury and Tadj (2009 a) studied the steady-state behaviour of an M/G/1 queue with 

an additional second phase of optional service subject to breakdowns occurring randomly 
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at any instant while serving the customers, and delayed repair.  This model generalizes 

both the classical M/G/1 queue subject to random breakdowns and delayed repair as well 

as M/G/1 queue with second optional service and server breakdowns.  They have made 

extensive analysis of the joint distributions of the state of the server and number of units 

present in the system, i.e., queue size, stationary queue size distribution at a departure 

epoch, besides busy period distribution and waiting time distribution.  Further, some 

reliability indices are calculated directly from the joint distributions.  

Choudhury et al. (2009 b) studied the steady-state behaviour of an M
X
/G/1 with an 

additional second phase of optional service and unreliable server, which consists of a 

breakdown period and a delay period under N-policy.  They derived the queue size 

distribution at random epoch and departure epoch as well as various system performance 

measures.  They derived a simple procedure to obtain optimal stationary policy under a 

suitable linear cost structure. 

Vasanta Kumat et al. (2010) studied a two phase queueing system with N policy for 

exhaustive batch service with gating, server startups and breakdowns. 

Choudhury et al. (2011) studied an M/G/1 queueing system with two phases of service 

and Bernoulli vacation schedule for an unreliable server, which consists of a breakdown 

period and a delay period, under N-policy and a random setup time. They derived the 

queue size distribution at different points of time, delay busy period distribution and 

optimal N-policy.    

Vasanta Kumar  et al. (2011 a, 2011b) studied the optimal control policy of two-phase, 

N-policy M
x
/M/1 and M

x
/Ek/1 queueing systems with server startup and breakdowns, 

respectively. They formulated the total expected cost function and obtained the optimal 

threshold of N at a minimum cost. Sensitivity analysis is carried out through numerical 

illustrations.   

Yue, D  et al. (2011) discussed a two-phase queueing system with impatient customers 

and multiple vacations. The customers may get impatience not only when the server is on 

vacation but also is busy carrying out the first essential service. They obtained the closed 

form expressions foe various performance measures including the mean system sizes for 
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various states of the server, the average rate of balking, the average rate of repairing and 

the average rate of loss. 

Choudhury and Deka (2012) studied a single server M/G/1 queue with two phases of 

heterogeneous service and unreliable server. They obtained some important performance 

measures and reliability indices of the system. 

Choudhury and Ke (2012) dealt with the steady state behaviour of an M
x
/G/1 queue with 

general retrial time and Bernoulli vacation schedule for an unreliable server, which 

consists of breakdown period and delay period. They obtained some performance 

measures and reliability indices of the model. 

Choudhury  and Deka (2013) studied the batch arrival unreliable queue with two phases 

of service and vacation under Bernoulli vacation schedule which consists of breakdown 

period and delay period. They obtained some important performance measures and 

reliability indices of the model. 

Vasanta Kumar and Srinivasa Rao (2013) presented Optimal Operating policy for an N-

policy two phase M
x
/M/1 queueing system with server startup, breakdown and delayed 

repair.    

1.13.10. Queues with customer balking 

The notion of customer impatience first appeared in the queueing theory in the work of 

Haight (1957). He considered a model of balking for an M/M/1 queue in which there is a 

greatest queue length at which an arrival would not balk. This length was a random 

variable whose distribution was same for all customers.  

Ancker and Gafarian (1963 a), studied M/M/1 queueing system with balking and 

reneging and performed its steady state analysis. Ancker and Gafarian (1963 b), also 

obtained results for a pure balking system.  

El-Paoumy and Ismail (2009) derived the analytical solution of the M
x
/Ek/1/N queue with 

balking and reneging. They deducted some measures effectiveness such as expected 

system length, expected queue length and obtained some special case. 

Economou et al. (2011) studied the balking behaviour of the customers in the single 

server queue with generally distributed service and vacation times. They identified the 
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equilibrium strategies and socially optimal strategies under the cases defined by the level 

of information available to the customers before they make decisions. 

Rakesh kumar and Sumeet kumar sarma (2012), considered an M/M/1/N queue with 

customer retention and balking. They obtained the steady state solution of the model and 

carried out the sensitivity analysis to show the impact of customer retention probabilities 

on the measures of performance like expected system size etc. 

Vijaya Lakshmi et al. (2013) analyzed a finite a buffer multiple working vacations queue 

with balking, reneging, and vacation interruptions under N-policy. They obtained the 

closed form expressions for the for the steady state probabilities and evaluated various 

performance measures such as expected number of customers in the system, average 

balking rate, and the average rate of customer loss due to the impatience. 

Tian et al. (2015) considered an M/G/1 queueing models with removable server under   

N-policy. They studied the balking behaviour of the customers in the un observable and 

partially observable cases and derived equilibrium mixed strategies and compared them 

with socially optimal strategies. They have presented the optimal operating policy taking 

N as the decision variable.  

1.14. Aim of the present study 

Queueing theory is developed largely for non-Markovian models. But Markovian models 

are more natural in many real life situations and may be appropriate in practice and have 

certain advantages. It is clear from the brief review of literature presented earlier that 

most of the two-phase service systems under different vacation policies studied by 

different authors are of Non-Markovian nature. Existing research works for the N-policy 

queueing systems with two essential phases of service with a first phase batch service 

followed by a second phase individual service   have never investigated the cases 

involving server startup, breakdowns, delayed repair, and customer balking for the 

Markovian queueing systems. Thus the present study is aimed at analyzing the two-phase 

N-policy gated queueing systems, M/M/1, M/Ek/1, M
x
/M/1 and M

x
/Ek/1 with server 

startup, breakdowns and delayed repair. Also the M/M/1 and M
x
/M/1 systems are studied 

with customer balking along with the above characteristics.   
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The objectives of the present study are: 

(i) To establish the steady state equations and hence derive the steady state                                                  

probability distribution of the number of customers in the system for the two-

phase N-policy M/M/1, M/Ek/1, M
x
/M/1 and M

x
/Ek/1 queueing systems with 

server startup for the un-reliable server and delayed repair, and the M/M/1 and 

M
x
/M/1 systems with customer balking also.   

(ii) To derive the system performance measures such as expected number of 

customers in the system when the server is in vacation, in startup, in batch 

service, in individual service, in breakdown, waiting for repair and in repair states. 

(iii) To obtain the expected waiting time in the queue through heuristic approach. 

(iv)  To formulate the total expected cost function for the above mentioned        

queueing systems under study and determine the optimal operating policy. 

(v) To study the effect of the system parameters on the optimal threshold N and      

minimum expected cost for different cost elements through numerical 

experiments for each of the above mentioned queueing systems. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


