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Chapter 3

Ψ-boundedness for Nonhomogeneous Matrix
Difference Equations

Section 3.1.

The concept of difference equations is a great deal and wealthier than the

similar concept of differential equations. Many authors have studied several

problems related to difference equations, such as existence and uniqueness

theorem [58], transmission of information [31], signal processing, oscillation

[82], control and dynamic systems [44, 68]. The theory of difference equa-

tions have currently extensive applications in a variety of areas like control

theory, numerical analysis, computer science and finite element techniques

[1, 2, 38]. Due to the importance and rapid growth of research in this

area, we confine our focus on the following linear nonhomogeneous matrix

difference equation

X(n+ 1) = A(n)X(n)B(n) + F (n), (3.1.1)

where A(n), B(n) and F (n) are m×m matrix valued functions on

Z+ = {1, 2, . . .}. Han and Hong [37], Diamandescu [21, 24] were devel-

oped Ψ-boundedness criteria for solutions of system of difference equations.
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Murty et al. [58] studied the existence and uniqueness of solutions of matrix

difference equation (3.1.1). Further, Murty and Suresh Kumar [60, 63] and

Dimandescu [22] obtained results on existence of solutions of matrix Lya-

punov systems are Ψ-bounded. Recently, Suresh Kumar et al. [80] obtained

conditions (necessary and sufficient) for the existence of solution of the ma-

trix difference equation (3.1.1) to be Ψ-bounded via Ψ-summable matrix

function F (n) on Z. In this Chapter, we present a necessary and sufficient

condition for the existence of at least one Ψ-bounded solution for the non-

homogeneous matrix difference equation (3.1.1) via Ψ-summable sequence

and Ψ-bounded sequence on Z+ and also study their asymptotic nature.

In Section 3.2 we state some primary definitions relating to Ψ-bounded

and Ψ-summable sequences and also the conversion of matrix difference

equation to a Kronecker product vector difference equation. Further, we ob-

tain general solution of the corresponding homogeneous difference equation

and also prove lemmas relating to Ψ-bounded and Ψ-summable sequences.

In Section 3.3 we establish conditions for the existence of solutions of

the matrix difference equation (3.1.1) is Ψ-bounded on Z+, where F (n) is

Ψ-summable sequence on Z+. Further, we obtain a result relating to the

asymptotic nature of Ψ-bounded solutions of (3.1.1). The results obtained

in this section are illustrated with suitable examples.

In Section 3.4 we establish conditions for the existence of solutions of

the matrix difference equation (3.1.1) is Ψ-bounded on Z+, where F (n)

is Ψ-bounded sequence on Z+ and also obtain their asymptotic nature.

Numerical examples are provided to illustrate the results.
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This chapter include the results of Diamandescu [24], Han and Hong

[37] as a particular case when B = I, X and F are column vectors.

Section 3.2.

In this section we state some primary definitions and results which are useful

for later discussion.

In this chapter we use the following vector and matrix norms: For x ∈

Rm

‖x‖ = max{|x1|, |x2|, . . . |xn|}

and F ∈ Rm×m

|F | = sup
‖x‖≤1

‖Fx‖.

Definition 3.2.1. [80] Let Ψr : Z+ → R− {0}, r = 1, 2, . . .m, and let

Ψ = diag[Ψ1,Ψ2, . . . ,Ψm].

Taking the vectorization operator on both sides of equation (3.1.1) and

using Lemma 2.1.2, we get the following Kronecker product vector difference

equation

X̂(n+ 1) = H(n)X̂(n) + F̂ (n), (3.2.1)

where H(n) = (BT (n)⊗ A(n)) ∈ Rm2×m2
and F̂ (n) = V ecF (n) ∈ Rm2

.

From the above, the following lemma is immediate.

Lemma 3.2.1. If X(n) is a solution of matrix difference equation (3.1.1)
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if and only if X̂(n) = V ecX(n) is a solution of vector difference equation

(3.2.1).

The homogeneous vector difference equation of (3.2.1) is

X̂(n+ 1) = H(n)X̂(n). (3.2.2)

Definition 3.2.2. [37] A sequence φ : Z+ → Rm is said to be Ψ- bounded

on Z+ if Ψ(n)φ(n) is bounded on Z+.

Similarly we can define above definition for matrix valued function.

Definition 3.2.3. A matrix sequence Φ : Z+ → Rm×m is said to be Ψ-

bounded on Z+ if ΨΦ is bounded on Z+.

Definition 3.2.4. [37] A sequence φ : Z+ → Rm is said to be Ψ-summable

on Z+ if lim
k→∞

k∑
n=1

‖Ψ(n)φ(n)‖ <∞.

Similarly we can define above definition for matrix valued function.

Definition 3.2.5. A matrix sequence Φ : Z+ → Rm×m is called Ψ-summable

on Z+ if lim
k→∞

k∑
n=1

|Ψ(n)Φ(n)| <∞.

The subsequent lemmas play an important role in the proofs of Sections

3.3 and 3.4.

Lemma 3.2.2. The matrix function G : Z+ → Rm×m is Ψ-summable on

Z+ if and only if the vector function V ecG(n) is Im ⊗Ψ-summable on Z+.
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Proof. From the proof of Lemma 2.1.1, we have

1

m
|S| ≤ ‖V ecS‖Rm2 ≤ |S| , (3.2.3)

for all S ∈ Rm×m.

Taking S = Ψ(n)G(n) in (3.2.3), we get

1

m
|Ψ(n)G(n)| ≤ ‖(Im ⊗Ψ(n)).V ecG(n)‖Rm2 ≤ |Ψ(n)G(n)| , (3.2.4)

n ∈ Z+, for every G(n) ∈ Rm×m.

First, assume that the matrix function G(n) is Ψ-summable on Z+.

Using the inequality (3.2.4), we get

‖(Im ⊗Ψ(n)).V ecG(n)‖Rm2 ≤ |Ψ(n)G(n)| ,

which implies

∞∑
n=1

‖(Im ⊗Ψ(n)).V ecG(n)‖Rm2 ≤
∞∑
n=1

|Ψ(n)G(n)| .

By using Definitions 3.2.4, 3.2.5 and comparison test, the vector function

Ĝ(n) is Im ⊗Ψ-summable on Z+.

Now, assume that the vector function Ĝ(n) is Im⊗Ψ-summable on Z+.

Then, from the inequality (3.2.4), we get

|Ψ(n)G(n)| ≤ m ‖(Im ⊗Ψ(n)).V ecG(n)‖Rm2 ,
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which implies

∞∑
n=1

|Ψ(n)G(n)| ≤ m
∞∑
n=1

‖(Im ⊗Ψ(n)).V ecG(n)‖Rm2 .

Again using Definitions 3.2.4, 3.2.5 and comparison test, the matrix func-

tion G(n) is Ψ-summable on Z+.

From the inequality (3.2.4), the following lemma is immediate.

Lemma 3.2.3. The matrix function G(n) is Ψ-bounded on Z+ if and only

if the vector function V ecG(n) is Im ⊗Ψ-bounded on Z+.

Lemma 3.2.4. If A(n), B(n) are nonsingular, then the fundamental ma-

trices Y (n), Z(n) for

X(n+ 1) = A(n)X(n), (3.2.5)

X(n+ 1) = BT (n)X(n) (3.2.6)

are exist and the fundamental matrix of (3.2.2) is Z(n)⊗Y (n). In addition,

the general solution of (3.2.2) is X̂(n) = (Z(n) ⊗ Y (n))c, where c is a

constant n2-column vector.

Proof. From Lemma 2.10 of [80], the matrix Z(n)⊗Y (n) is the fundamental

matrix of (3.2.2). Clearly, X̂(n) = (Z(n) ⊗ Y (n))c is a solution of (3.2.2)

and every solution is of this form.

The set of all Ψ-bounded solutions of corresponding homogeneous ma-

trix difference equation of (1.1.1) on Z+ at n = 1 is a subspace of Rm×m
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and is denoted by X1. Let X2 be the subspace of Rm×m, supplementary to

X1 and also P1, P2 are projections of Rm×m onto X1, X2 respectively.

The set of all Ψ-bounded solutions of homogeneous Kronecker product

vector difference equation (3.2.2) on Z+ at n = 1 is a subspace of Rm2
and is

denoted by X1. Let X2 be a subspace of Rm2
, supplementary to X1 and also

Q1, Q2 are the corresponding projections of Rm2
onto X1, X2 respectively.

Theorem 3.2.1. If A(n), B(n) are nonsingular matrices and

X̂(n) =
n−1∑
k=1

(Z(n)⊗ Y (n))Q1(Z−1(k + 1)⊗ Y −1(k + 1))F̂ (k)

−
∞∑
k=1

(Z(n)⊗ Y (n))Q2(Z−1(k + 1)⊗ Y −1(k + 1))F̂ (k) (3.2.7)

is convergent, then (3.2.7) is a solution of (3.2.1) on Z+, where Y (n) and

Z(n) are fundamental matrices of (3.2.5) and (3.2.6).

Proof. Clearly X̂(n) satisfies (3.2.1) and hence it is a solution of (3.2.1) on

Z+.

Section 3.3.

This section mainly deals with obtaining a necessary and sufficient condition

for the existence of Ψ-bounded solution of the matrix difference equation

(3.1.1) via Ψ-summable sequence. Sufficient conditions are obtained for

the asymptotic behaviour of Ψ-bounded solutions of (3.1.1). The results

obtained in this section are illustrated with suitable examples.
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Theorem 3.3.1. Let A(n) and B(n) be nonsingular and bounded matrices

on Z+ and let Y (n), Z(n) be the fundamental matrices of (3.2.5), (3.2.6).

Then, for every Ψ-summable matrix function F : Z+ → Rm×m on Z+, the

matrix difference equation (3.1.1) has at least one Ψ-bounded solution on

Z+ if and only if there exists a positive constant M satisfying

|(Z(n)⊗Ψ(n)Y (n))Q1(Z−1(k + 1)⊗ Y −1(k + 1)Ψ−1(k))| ≤M,

1 ≤ k + 1 ≤ n,

|(Z(n)⊗Ψ(n)Y (n))Q2(Z−1(k + 1)⊗ Y −1(k + 1)Ψ−1(k))| ≤M,

1 ≤ n < k + 1.

(3.3.1)

Proof. SinceA(n), B(n) are nonsingular and bounded, thenH(n) = BT (n)⊗

A(n) is also nonsingular and bounded. First we prove the necessary part.

Suppose that for each Ψ-summable matrix function F (n) on Z+, the non-

homogeneous equation (3.1.1) has at least one Ψ-bounded solution on Z+.

Since F is Ψ-summable on Z+ and from Lemma 3.2.2, then the vector

function F̂ : Z+ → Rm2
is Im⊗Ψ-summable on Z+. From Lemma 3.2.3 and

the equation (3.1.1) has at least one Ψ-bounded solution X(n) on Z+, we

have that the vector function X̂(n) = V ecX(n) is Im⊗Ψ-bounded solution

of (3.2.1) on Z+.

Therefore, for every Im ⊗Ψ-summable F̂ on Z+ the Kronecker product

vector difference equation (3.2.1) has at least one Im⊗Ψ-bounded solution

on Z+. From Theorem 1 of [37], there exist a constant M > 0 such that

the fundamental matrix W (n) of the homogeneous equation (3.2.2) satisfies
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the following condition

|(Im ⊗Ψ(n))W (n)Q1W
−1(k + 1)(Im ⊗Ψ−1(k))| ≤M, 1 ≤ k + 1 ≤ n,

|(Im ⊗Ψ(n))W (n)Q2W
−1(k + 1)(Im ⊗Ψ−1(k))| ≤M, 1 ≤ n < k + 1.

(3.3.2)

From Lemma 3.2.4, the fundamental matrix of (3.2.2) is W (n) = Z(n) ⊗

Y (n). Thus, the condition (3.3.1) follows from Lemma 2.1.2.

Now we prove the sufficient part. Suppose that the fundamental matri-

ces Y (n) and Z(n) satisfies the condition (3.3.1) for some M > 0. Then,

from Lemma 3.2.4 and Lemma 2.1.2 the fundamental matrix W (n) =

Z(n)⊗ Y (n) of (3.2.2) satisfies the condition (3.3.2).

From Lemma 3.2.2, if F : Z+ → Rm×m is a Ψ-summable matrix function

on Z+, then the vector function F̂ (n) = V ecF (n) is an Im ⊗ Ψ-summable

function on Z+. Therefore, V ecF (n) is an Im ⊗ Ψ-summable and the fun-

damental matrix W (n) of (3.2.2) satisfies the condition (3.3.2). Thus, from

Theorem 1 of [37], the nonhomogeneous Kronecker product vector differ-

ence equation (3.2.1) has at least one Im⊗Ψ-bounded solution on Z+. Let

x(n) be the Ψ-bounded solution of (3.2.1). From Lemma 3.2.3, the matrix

function X(n) = V ec−1x(n) is a Ψ-bounded solution of (3.1.1) on Z+.

Hence, for every Ψ-summable matrix function F on Z+, the matrix

difference equation (3.1.1) has at least one Ψ-bounded solution on Z+.

The following theorem is pertaining asymptotic nature of Ψ-bounded

solutions of (3.1.1).
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Theorem 3.3.2. Suppose that:

(1) Let Y (n) and Z(n) be the fundamental matrices of (3.2.5) and (3.2.6),

which satisfies

(a) lim
n→∞

|(Z(n)⊗Ψ(n)Y (n))Q1| = 0;

(b) condition (3.3.1) holds, for some M > 0.

(2) The matrix function F : Z+ → Rm×m is Ψ-summable on Z+.

Then every Ψ-bounded solution of (3.1.1) on Z+ satisfies

lim
n→∞

|Ψ(n)X(n)| = 0.

Proof. Let X(n) be a solution of matrix difference equation (3.1.1) and is

Ψ-bounded on Z+. From Lemma 3.2.1 and Lemma 3.2.3, it follows that

X̂(n) = V ecX(n) is a solution of Kronecker product vector difference equa-

tion (3.2.1) and is Im ⊗ Ψ-bounded on Z+. From Lemma 3.2.2, the vector

function F̂ (n) is Im⊗Ψ-summable on Z+. Now, from Theorem 2 of [37], it

follows that

lim
n→∞

∥∥∥(Im ⊗Ψ(n)) X̂(n)
∥∥∥ = 0.

From the inequality (3.2.4), we have

|Ψ(n)X(n)| ≤ m
∥∥∥(Im ⊗Ψ(n)) X̂(n)

∥∥∥ , n ∈ Z+

and, then

lim
n→∞

|Ψ(n)X(n)| = 0.
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The above theorems are illustrated with the following example.

Example 3.3.1. Take into consideration the matrix difference equation

(3.1.1) with

A(n) =

n+1
n

0

0 2

 , B(n) =

(n+2
n+3

) 1
4 0

0 n+3
n+1

 and F (n) =

 n
3n

0

0 n22n−1

3n

 .
Then,

Y (n) =

n 0

0 2n−1

 and Z(n) =

( 3
n+2

) 1
4 0

0 (n+1)(n+2)
6


are the fundamental matrices of (3.2.5) and (3.2.6) respectively. Consider

Ψ(n) =

 1
n

0

0 21−n

 , for all n ∈ Z+.

There exist projections

Q1 =

 I2 O2

O2 O2

 and Q2 =

O2 O2

O2 I2


such that conditions in (3.3.1) are satisfied with M = 2.

In addition, the hypothesis (1)(a) and (2) of Theorem 3.3.2 are satisfied.
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Because

|(Z(n)⊗Ψ(n)Y (n))Q1| =
(

3

n+ 2

) 1
4

,

Ψ(n)F (n) =

n2

3n
0

0 n2

3n

 ,
and

∞∑
n=1

|Ψ(n)F (n)| =
∞∑
n=1

n2

3n
<∞ (ratio test),

the matrix function F is Ψ-summable on Z+. From Theorems 3.3.1 and

3.3.2, the matrix difference equation has at least one Ψ-bounded solution

and every Ψ-bounded solution X(n) of (3.1.1) is such that

lim
n→∞

|Ψ(n)X(n)| = 0.

Remark 3.3.1. Theorem 3.3.2 fails if the matrix function F is Ψ-bounded

instead of F is Ψ-summable on Z+.

The above remark is verified in the following example.

Example 3.3.2. Consider the matrix difference equation (3.1.1) with

A(n) =

1
2

0

0 2

 , B(n) =

1 0

0 3

 and F (n) =

1 0

0 3n

 .
Then,

Y (n) =

21−n 0

0 2n−1

 and Z(n) =

1 0

0 3n−1
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are the fundamental matrices of (3.2.5) and (3.2.6) respectively. Consider

Ψ(n) =

1 0

0 31−n

 , for all n ∈ Z+.

There exist projections

Q1 =

 I2 O2

O2 O2

 and Q2 =

O2 O2

O2 I2

 ,
such that conditions in hypothesis (1) are satisfied with M = 2. Also

|Ψ(n)F (n)| = 3, for n ∈ Z+. Therefore, F is Ψ-bounded on Z+. Clearly,

the function F is not Ψ-summable on Z+.

The solutions of the equation (3.1.1) are

X(n) =

21−n(c1 − 2) + 2 (3
2
)n−1c2

2n−1c3 6n−1(c4 + 1)− 3n−1

 ,
where c1, c2, c3 and c4 are arbitrary constants. It is easily seen that, there

is no solution X(n) of (3.1.1) for which lim
n→∞

|Ψ(n)X(n)| = 0.

Section 3.4.

This section mainly deals with obtaining a necessary and sufficient condi-

tion for the existence of Ψ-bounded solution of the matrix difference equa-

tion (3.1.1) via Ψ-bounded sequence. Sufficient conditions are obtained for
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the asymptotic behaviour of Ψ-bounded solutions of (3.1.1). The results

obtained in this section are illustrated with suitable examples.

Theorem 3.4.1. Let A(n) and B(n) be nonsingular and bounded matrices

on Z+ and let Y (n), Z(n) be the fundamental matrices of (3.2.5), (3.2.6).

Then, for every Ψ-bounded matrix function F : Z+ → Rm×m on Z+, the

matrix difference equation (3.1.1) has at least one Ψ-bounded solution on

Z+ if and only if there exists a constant M > 0 satisfying

n−1∑
k=1

|(Z(n)⊗Ψ(n)Y (n))Q1(Z−1(k + 1)⊗ Y −1(k + 1)Ψ−1(k))|

+
∞∑
k=n

|(Z(n)⊗Ψ(n)Y (n))Q2(Z−1(k + 1)⊗ Y −1(k + 1)Ψ−1(k))| ≤M.

(3.4.1)

Proof. Since A(n), B(n) are nonsingular and bounded, then H(n) is also

nonsingular and bounded. First we prove the necessary part. Suppose

that for each Ψ-bounded matrix function F (n) on Z+, the nonhomogeneous

equation (3.1.1) has at least one Ψ-bounded solution on Z+.

Since F is Ψ-bounded on Z+ and from Lemma 3.2.3, then the vector

function F̂ : Z+ → Rm2
is Im ⊗ Ψ-bounded on Z+. From Lemma 3.2.3

and the equation (3.1.1) has at least one Ψ-bounded solution X(n) on Z+,

we have that the vector function X̂(n) = V ecX(n) is a Im ⊗ Ψ-bounded

solution of (3.2.1) on Z+.

Therefore, for every Im ⊗ Ψ-bounded F̂ on Z+ the Kronecker product

vector difference equation (3.2.1) has at least one Im⊗Ψ-bounded solution

on Z+. From Theorem 3.1 of [24], there exist a constant M > 0 such that
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the fundamental matrix W (n) of the homogeneous equation (3.2.2) satisfies

the following condition

n−1∑
k=1

|(Im ⊗Ψ(n))W (n)Q1T
−1(k + 1)(Im ⊗Ψ(k))|

+
∞∑
k=n

|(Im ⊗Ψ(n))W (n)Q2T
−1(k + 1)(Im ⊗Ψ(k))| ≤M

(3.4.2)

From Lemma 3.2.4, the fundamental matrix of (3.2.2) is W (n) = Z(n) ⊗

Y (n). Thus, the condition (3.4.1) follows from Lemma 2.1.2.

Now we prove the sufficient part. Suppose that the fundamental matri-

ces Y (n) and Z(n) satisfies the condition (3.4.1) for some M > 0. Then,

from Lemma 3.2.4 and Lemma 2.1.2 the fundamental matrix W (n) =

Z(n)⊗ Y (n) of (3.2.2) satisfies the condition (3.4.2).

From Lemma 3.2.3, if F : Z+ → Rm×m is a Ψ-bounded matrix function

on Z+, then the vector function F̂ (n) = V ecF (n) is a Im ⊗ Ψ-bounded

function on Z+. Therefore, V ecF (n) is a Im⊗Ψ-bounded and fundamental

matrix W (n) of (3.2.2) satisfies the condition (3.4.2). Thus, from Theorem

3.1 of [24], the nonhomogeneous Kronecker product vector difference equa-

tion (3.2.1) has at least one Im ⊗ Ψ-bounded solution on Z+. Let x(n) be

the Ψ-bounded solution of (3.2.1). From Lemma 3.2.3, the matrix function

X(n) = V ec−1x(n) is a Ψ-bounded solution of (3.1.1) on Z+.

Hence, for every Ψ-bounded matrix function F on Z+, the matrix dif-

ference equation (3.1.1) has at least one Ψ-bounded solution on Z+.

Finally, we present a result in which we can easily observed that the
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asymptotic behaviour of solution of (3.1.1) is entirely established by the

asymptotic behaviour of F .

Theorem 3.4.2. Suppose that:

(1) Let Y (n) and Z(n) be the fundamental matrices of (3.2.5) and (3.2.6),

which satisfies

(a) |Ψ(n)Ψ−1(n+ 1)| ≤ N , where N is a positive constant

(b) condition (3.4.1), for some M > 0.

(2) The matrix function F : Z+ → Rm×m is Ψ-bounded on Z+ such that

lim
n→∞

|Ψ(n)F (n)| = 0.

Then, for every Ψ bounded solution X(n) of (3.1.1) on Z+ satisfies

lim
n→∞

|Ψ(n)X(n)| = 0.

Proof. Let X(n) be a solution of matrix difference equation (3.1.1) and is

Ψ-bounded on Z+. From Lemma 3.2.1 and Lemma 3.2.3, it follows that

X̂(n) = V ecX(n) is a solution of Kronecker product vector difference equa-

tion (3.2.1) and is Im ⊗ Ψ-bounded on Z+. From Lemma 3.2.3, the vector

function F̂ (n) is Im ⊗ Ψ-bounded on Z+. Now, from Theorem 3.2 of [24],

it follows that

lim
n→∞

∥∥∥(Im ⊗Ψ(n)) X̂(n)
∥∥∥ = 0.

Now, from the inequality (3.2.4) we have

|Ψ(n)X(n)| ≤ m
∥∥∥(Im ⊗Ψ(n)) X̂(n)

∥∥∥ , n ∈ Z+
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and, then

lim
n→∞

|Ψ(n)X(n)| = 0.

The following examples illustrate the above theorems.

Example 3.4.1. Consider the matrix difference equation (3.1.1) with

A(n) =

n+1
n

0

0 1
3

 , B(n) =

1
2

0

0 1

 and F (n) =

n(n+1)
6n

0

0 n2

2n

 .
Then,

Y (n) =

n 0

0 31−n

 and Z(n) =

21−n 0

0 1


are the fundamental matrices of (3.2.5) and (3.2.6) respectively. Consider

Ψ(n) =

 3n

n+1
0

0 1

 , for all n ∈ Z+.

There exist projections

Q1 =



0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 1


and Q2 =



1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0


such that condition (1) is satisfied with N = 1 and M = 7.5.
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In addition, the hypothesis (2) of Theorem 3.4.2 is satisfied. Because

|Ψ(n)F (n)| = n

2n
≤ 1

2

and

lim
n→∞

|Ψ(n)F (n)| = lim
n→∞

n

2n
= 0.

From Theorems 3.4.1 and 3.4.2, the difference equation has at least one Ψ-

bounded solution and every Ψ-bounded solution X of (3.1.1) is such that

lim
n→∞

|Ψ(n)X(n)| = 0.

Remark 3.4.1. In Theorem 3.4.2, if F is Ψ-bounded on Z+, but lim
n→∞

|Ψ(n)F (n)| 6=

0, then the Ψ-bounded solutionX(n) of (3.1.1) may not be satisfy lim
n→∞

|Ψ(n)X(n)| =

0.

The above remark is verified in the following example.

Example 3.4.2. Consider the matrix difference equation (3.1.1) with

A(n) =

 n3

(n+1)3
0

0 n
n+1

 , B(n) =

 (n+1)2

n2 0

0 n+1
n


and

F (n) =

 2n

n+1
3−n

(n+1)2

6−n(n+ 1) 3−n

 .
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Then,

Y (n) =

 1
n3 0

0 1
n

 and Z(n) =

n2 0

0 n


are the fundamental matrices of (3.2.5) and (3.2.6) respectively. Consider

Ψ(n) =

(n+ 1)2−n 0

0 3n

n+1

 , for all n ∈ Z+.

If we take projections

Q1 =



1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0


and Q2 =



0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 1


,

then condition (1) is satisfied with N = 2 and M = 2.5.

Also |Ψ(n)F (n)| = 1, for n ∈ Z+. Therefore, F is Ψ-bounded on Z+

and lim
n→∞

|Ψ(n)F (n)| = 1 6= 0.

The solutions of the equation (3.1.1) are

X(n) =

 1
n
(2n − 2 + c1) 1

2n2 (1− 31−n + 2c2)

n
5
(1− 61−n + 5c3) 1

2
(1− 31−n + 2c4)

 ,
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where c1, c2, c3 and c4 are arbitrary constants and

Ψ(n)X(n) =

 n+1
n

[1 + 2−n(c1 − 2)] n+1
2n2 [(2−n(1 + 2c2)− 3(6−n)]

n
5(n+1)

[3n(1 + 5c3)− 6(2−n)] 1
2(n+1)

[3n(1 + 2c4)− 3]

 .
It is easily seen that, there exist Ψ-bounded solutions of (3.1.1) for c3 = −1

5

and c4 = −1
2
. But lim

n→∞
|Ψ(n)X(n)| 6= 0.
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