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Ψ-Asymptotic Stability for Nonlinear Matrix
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Section 6.1.

This chapter continue the study of nonlinear matrix difference equation

X(n+ 1) = A(n)X(n)B(n) + F (n,X(n)), (6.1.1)

as a perturbed equation of the linear equation

X(n+ 1) = A(n)X(n)B(n), (6.1.2)

where A(n), B(n) are nonsingular and F (n,X(n)) is a m×m matrix-valued

functions on N with F (n, 0) = 0 and discuss the concept of Ψ-asymptotic

stability. Morchalo [57] introduced Ψ-asymptotic stability of trivial solution

of nonlinear differential equations. Further, Diamandescu [17] studied Ψ-

asymptotic stability of nonlinear Volterra integro-differential systems. Re-

cently, Murty and Suresh Kumar [64, 66], Suresh Kumar et al. [81] studied

Ψ-asymptotic stability, Ψ-instability and Ψ-conditional asymptotic stability

for matrix Lyapunov systems.
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In this chapter first, we obtain (necessary and) sufficient conditions

for Ψ-asymptotic stability of trivial solutions of nonlinear vector difference

equation

x(n+ 1) = A(n)x(n) + f(n, x(n)) (6.1.3)

as a perturbed equation of

x(n+ 1) = A(n)x(n), (6.1.4)

where A(n) is nonsingular matrix and f(n, x(n)) is a vector-valued func-

tion of order m on N. Further, sufficient conditions are established for

Ψ-asymptotic stability of matrix difference equations (6.1.1) and (6.1.2) on

N = {0, 1, 2, . . .}, using technique of Kronecker product of matrices. Fur-

thermore, we develop new difference equations corresponding to (6.1.1) to

(6.1.4) which are asymptotically stable on N, provided (6.1.1) to (6.1.4) are

Ψ-asymptotically stable on N.

In Section 6.2 we present basic definitions relating to Ψ-asymptotic

stability and construction of asymptotic stable difference equation from

the given equation(vector or matrix difference) using the concept of Ψ-

asymptotic stability. Further, we obtain a lemma relating to the relation-

ship between Ψ-asymptotic stability of matrix difference equation and the

corresponding Kronecker product vector difference equation.

In Section 6.3 we prove necessary and sufficient conditions for Ψ-asymptotic

stability of linear difference equation (6.1.4) and also obtain sufficient con-

ditions for Ψ-asymptotic stability of nonlinear difference equation (6.1.3).
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In Section 6.4 we prove necessary and sufficient conditions for Ψ-asymptotic

stability of linear matrix difference equation (6.1.2) and also obtain suffi-

cient conditions for Ψ-asymptotic stability of nonlinear matrix difference

equation (6.1.2).

This chapter extend some of the results of Diamandescu [17] and Suresh

Kumar et al. [81] to difference equations.

Section 6.2.

This section presents some preliminary definitions and results related to

Ψ-asymptotic stability for difference equations.

First, we state definitions of Ψ-asymptotic stability of difference equa-

tions on N.

Definition 6.2.1. The trivial solution of the vector difference equation

x(n+1) = f(n, x(n)) (x ∈ Rm and f is a vector function of order m) is said

to be Ψ-asymptotically stable on N if it is Ψ-stable on N and in addition,

for any n0 ∈ N, there exists a δ0 = δ0(n0) > 0 such that any solution x(n)

of the equation which satisfies the inequality ‖Ψ(n0)x(n0)‖ < δ0, satisfies

the condition lim
n→∞

‖Ψ(n)x(n)‖ = 0.

Similarly we can define above definition for matrix diffrence equation.

Definition 6.2.2. The trivial solution of matrix difference equation

X(n+ 1) = F (n,X(n)) (X ∈ Rm×m and F is a m×m matrix function) is

said to be Ψ-asymptotically stable on N if it is Ψ-stable on N and in addition,

for any n0 ∈ N, there exists a δ0 = δ0(n0) > 0 such that any solution X(n)
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of the equation which satisfies the inequality |Ψ(n0)X(n0)| < δ0, satisfies

the condition lim
n→∞

|Ψ(n)X(n)| = 0.

Remark 6.2.1. For Ψr = 1, r = 1, 2 . . . n, we obtain the notions of classical

asymptotic stability.

From Section 5.2, Definitions 6.2.1, 6.2.2 and Remark 6.2.1, we have

the following lemma.

Lemma 6.2.1. Let Ψ be a nonsingular matrix function on N. Then

(1) the trivial solutions of (6.1.3) and (6.1.4) are

Ψ-asymptotically stable on N if and only if the trivial solutions of

u(n+ 1) = AΨ(n)u(n) + fΨ(n, u(n)) (6.2.1)

and

u(n+ 1) = AΨ(n)u(n) (6.2.2)

are asymptotically stable on N, where u(n) = Ψ(n)x(n), AΨ(n) =

Ψ(n+ 1)A(n)Ψ−1(n) and fΨ(n, u(n)) = Ψ(n+ 1)f(n,Ψ−1(n)u(n));

(2) the trivial solutions of (6.1.1) and (6.1.2) are Ψ-asymptotically stable

on N if and only if the trivial solutions of

U(n+ 1) = AΨ(n)U(n)B(n) + FΨ(n, U(n)) (6.2.3)

and

U(n+ 1) = AΨ(n)U(n)B(n) (6.2.4)
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are asymptotically stable on N, where U(n) = Ψ(n)X(n), AΨ(n) =

Ψ(n+ 1)A(n)Ψ−1(n) and FΨ(n, U(n)) = Ψ(n+ 1)f(n,Ψ−1(n)U(n)).

Remark 6.2.2. From the lemma 6.2.1, we infer that

(1) if the difference equation (6.1.3) is Ψ-asymptotically stable on N, then

we can generate asymptotically stable difference equation (6.2.1);

(2) if the matrix difference equation (6.1.1) is Ψ-asymptotically stable on

N, we can generate stable matrix difference equation (6.2.3).

Now we state important lemmas from Section 5.2.

Lemma 6.2.2. If X(n) is a solution of matrix difference equation (6.1.1)

if and only if X̂(n) = V ecX(n) is a solution of vector difference equation

X̂(n+ 1) = H(n)X̂(n) + F̂ (n, X̂(n)), (6.2.5)

where H(n) = BT (n) ⊗ A(n) is a m2 × m2 matrix and F̂ (n, X̂(n)) =

V ecF (n,X(n)) is a column matrix of order m2.

The linear difference equation of (6.2.5) is

X̂(n+ 1) = H(n)X̂(n). (6.2.6)

Lemma 6.2.3. The trivial solution of matrix difference equation (6.1.1)

is Ψ-asymptotically stable on N, then the trivial solution of the corre-

sponding Kronecker product vector difference equation (6.2.5) is Im ⊗ Ψ-

asymptotically stable on N.
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Proof. Suppose that the trivial solution of (6.1.1) is Ψ-asymptotically stable

on N. From Definition 6.2.2, the trivial solution of (6.1.1) is Ψ-stable on N

and for any n0 ∈ N, there exists a δ0 = δ0(n0) > 0 such that any solution

X(n) of the equation which satisfies the inequality |Ψ(n0)X(n0)| < δ0,

satisfies the condition lim
n→∞

|Ψ(n)X(n)| = 0.

Let X̂ be a solution of (6.2.5) and choose δ0(ε, n0) = 1
m
δ(ε, n0) such that

‖(Im ⊗Ψ(n0))X̂(n0)‖ < δ0(ε, n0).

From Lemma 6.2.2 and Lemma 5.2.4, X(n) = V ec−1(X̂(n)) is a solution

of (6.1.1) such that |Ψ(n0)X(n0)| < δ(ε, n0). It follows that |Ψ(n)X(n)| < ε

for all n ≥ n0. Again from Lemma 5.2.4, we have that ‖(Im ⊗Ψ(n))X̂(n)‖ <

ε for all n ≥ n0. Thus the trivial solution of the equation (6.2.5) is Im ⊗Ψ

stable on N.

According to Definition 5.2.2, we choose that δ(n0) = δ0(n0)
m

such that

any solution X̂(n) of the (6.2.5) satisfies ‖(Im ⊗Ψ(n0))X̂(n0)‖ < δ(n0).

From Lemma 6.2.2 and Lemma 5.2.4 the matrix functionX(n) = V ec−1(X̂(n))

is a solution of (6.1.1) on N such that |Ψ(n0)X(n0)| < δ0(n0), it follows that

lim
n→∞

|Ψ(n)X(n)| = 0.

From Lemma 5.2.4, we have that lim
n→∞

‖(Im ⊗ Ψ(n))X̂(n)‖ = 0. Hence

the trivial solution of the (6.2.5) is Im ⊗Ψ-asymptotically stable on N.

Conversely, suppose that the trivial solution of the equation (6.2.5) is

Im ⊗Ψ-asymptotically stable on N. From Definition 6.2.1, the trivial solu-

tion of (6.2.5) is Im⊗Ψ-stable on N and for any n0 in N, there exist a δ0 =
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δ0(n0) > 0 such that any solution X̂(n) of the equation (6.2.5) is satisfies

‖(Im ⊗Ψ(n0))X̂(n0)‖ < δ0 and also satisfies lim
n→∞

‖(Im ⊗Ψ(n))X̂(n)‖ = 0.

According to Definition 5.2.2, for a given ε > 0 and n0 in N, we

choose δ0(ε, n0) = δ( ε
m
, n0). Let X(n) be a solution of (6.1.1) such that

|Ψ(n0)X(n0)| < δ0. From Lemma 6.2.2 and Lemma 5.2.4, the vector

function X̂(n) = V ec(X(n)) is a solution of the (6.2.5) on N such that

‖(Im ⊗Ψ(n0))X̂(n0)‖ < δ0. It implies that ‖(Im ⊗Ψ(n))X̂(n)‖ < ε
m

, for

all n ≥ n0.

From Lemma 5.2.4, we have that |Ψ(n)X(n)| < ε for all n ≥ n0. Thus,

the trivial solution of equation (6.1.1) is Ψ-stable on N.

According to Definition 6.2.1, we choose δ(n0) = δ0(n0) and any solution

of X(n) of (6.1.1) such that |Ψ(n0)X(n0)| < δ. From Lemma 6.2.2 and

Lemma 5.2.4, the vector function X̂(n) = V ec(X(n)) is a solution of (6.2.5)

on N such that ‖(Im ⊗Ψ(n0))X̂(n0)‖ < δ0(n0). It follows that

lim
n→∞

‖(Im ⊗Ψ(n))X̂(n)‖ = 0.

Again, from Lemma 5.2.4, we have that lim
n→∞

|Ψ(n)X(n)| = 0. Hence,

the trivial solution (6.1.1) is Ψ-asymptotically stable on N.

Section 6.3.

In this section, first prove necessary and sufficient condition for Ψ-asymptotic

stability of trivial solution of linear difference equation (6.1.4). Further, we

consider the nonlinear difference equation (6.1.3) as the perturbed equa-
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tion of (6.1.4) and provide sufficient conditions on the nonlinear func-

tion f(n, x(n)), we obtain Ψ-asymptotic stability for the trivial solution

of (6.1.3).

In the following theorem we obtain necessary and sufficient condition

for Ψ-asymptotic stability of trivial solution of linear difference equation

(6.1.4).

Theorem 6.3.1. Let Y (n) be a fundamental matrix of (6.1.4). Then, the

trivial solution of (6.1.4) is Ψ-asymptotically stable on N if and only if

lim
n→∞

|Ψ(n)Y (n)| = 0.

Proof. The solution of (6.1.4) with x(n0) = x0, for n0 ∈ N is x(n) =

Y (n)Y −1(n0)x0, for all n ∈ N.

Suppose that, the trivial solution of (6.1.4) is Ψ-asymptotically stable

on N. Then from Definition 6.2.1, the trivial solution of (6.1.4) is Ψ-stable

on N and for any n0 ∈ N, there exists a δ = δ(n0) > 0 such that any solution

x(n) of (6.1.4) which satisfies the inequality ‖Ψ(n0)x(n0)‖ < δ and satisfies

lim
n→∞

‖Ψ(n)x(n)‖ = 0. For ε > 0 and n0 ≥ 0, we have

‖Ψ(n)Y (n)Y −1(n0)x(n0)‖ < ε, for all n ≥ n0.

Let v ∈ Rn such that ‖v‖ < 1. For x(n0) =
1

2
δΨ−1(n0)v, we have

‖Ψ(n0)x(n0)‖ < δ and hence

‖Ψ(n)Y (n)Y −1(n0)
1

2
δ0Ψ−1(n0)v‖ < ε, for n ≥ n0.
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Therefore, we have the inequality

|Ψ(n)Y (n)Y −1(n0)Ψ−1(n0)| < 2ε

δ
, for n ≥ n0.

It implies that |Ψ(n)Y (n)| < 2ε

δ
|Ψ(n0)Y (n0)|, for n ≥ n0 and hence

lim
n→∞

|Ψ(n)Y (n)| = 0.

Conversely suppose that lim
n→∞

|Ψ(n)Y (n)| = 0. It is clear that there

exists a constant M > 0 such that |Ψ(n)Y (n)| ≤ M , for n ≥ 0. For ε > 0

and n0 ∈ N, let δ(ε, n0) = ε
2M |Y −1(n0)Ψ−1(n0)| . If ‖Ψ(n0)x(n0)‖ < δ, for

n ≥ n0, then we get

‖Ψ(n)x(n)‖ = ‖Ψ(n)Y (n)Y −1(n)Ψ−1(n0)Ψ(n0)x(n0)‖

≤M |Y −1(n0)Ψ−1(n0)|δ

< ε,

which implies that the trivial solution of (6.1.4) is Ψ-stable on N. Fur-

ther, lim
n→∞

‖Ψ(n)x(n)‖ = 0 and hence the trivial solution of (6.1.4) is Ψ-

asymptotically stable on N.

The following example illustrate Theorem 6.3.1.

Example 6.3.1. Consider the linear difference equation (6.1.4) with

A(n) =

1 (n+1)2

n+2

0 (n+1)3

(n+2)3

 .
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Then the fundamental matrix of (6.1.4) is

Y (n) =

1 n
n+1

0 1
(n+1)3

 .
Clearly, the difference equation (6.1.4) is stable but not asymptotically sta-

ble on N.

Now, we construct a difference equation (6.2.2) from (6.1.4), which is

asymptotically stable on N with the help of Theorem 6.3.1 and Lemma 6.2.1

of (1). Consider

Ψ(n) =

 1
n+1

0

0 1

 , for n ∈ N.

Then the fundamental matrix of (6.2.2) is

Ψ(n)Y (n) =

 1
n+1

n
(n+1)2

0 1
(n+1)3


and |Ψ(n)Y (n)| = 1

n+1
+ n

(n+1)2
→ 0 as n → ∞. From Theorem 6.3.1,

the trivial solution of linear difference equation (6.1.4) is Ψ-asymptotically

stable on N.

From Lemma 6.2.1 of (1), the difference equation (6.2.2) with

AΨ(n) =

n+1
n+2

(n+1)2

(n+2)2

0 (n+1)3

(n+2)3


is asymptotically stable on N.
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Figure 6.1: Phase diagrams of linear difference equations in Example 6.3.1 with initial
conditions x1(0), x2(0) varies from 0 to 5.

Fig 6.1(a) describes solutions of (6.1.4) which are stable but not asymp-

totically stable and in Fig 6.1(b) solutions of (6.2.2) are approaching to

zero as n approaches to infinity.

In the following theorem, we obtain sufficient conditions for Ψ-asymptotic

stability of trivial solution of (6.1.4), by the use of well known condition

(6.3.1). Conditions of similar type were used by [36] in the study of asymp-

totic manifolds of perturbed linear system of differential equations and also

in [25] for Φ-bounded solutions of nonlinear difference equations with ad-

vanced arguments.

Theorem 6.3.2. If the fundamental matrix Y (n) of (6.1.4) is such that

n−1∑
`=n0

|Ψ(n)Y (n)Y −1(`+ 1)Ψ−1(`+ 1)| ≤ L for all n ∈ N, (6.3.1)

where L > 1 is a constant, then the linear equation (6.1.4) is Ψ-asymptotically

stable on N.

117



Proof. Let a(n) = |Ψ(n+ 1)Y (n+ 1)|−1. From the identity

Ψ(n)Y (n)

(
n−1∑
`=n0

a(`)

)

=
n−1∑
`=n0

Ψ(n)Y (n)Y −1(`+ 1)Ψ−1(`+ 1)Ψ(`+ 1)Y (`+ 1)a(`),

it follows that

|Ψ(n)Y (n)|

(
n−1∑
`=n0

a(`)

)

≤
n−1∑
`=n0

|Ψ(n)Y (n)Y −1(`+ 1)Ψ−1(`+ 1)| |Ψ(`+ 1)Y (`+ 1)|a(`) ≤ L.

(6.3.2)

Setting b(n) =
n−1∑
`=n0

a(`), we obtain b(n) − b(n − 1) = |Ψ(n)Y (n)|−1, for

n ≥ n0 + 1, n ∈ N.

After substituting in (6.3.2), we have b(n)− b(n− 1) ≥ b(n)
L

and b(n) ≥
L
L−1

b(n− 1), which implies that

b(n) ≥
(

L

L− 1

)n−n0−1

b(n0 + 1), for all n ≥ n0 + 1.

From (6.3.2), we get

|Ψ(n)Y (n)|b(n) ≤ L,

it implies that

|Ψ(n)Y (n)| ≤ L(b(n))−1
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≤ L

(
L− 1

L

)n−n0−1

b−1(n0 + 1).

If we choose L1 = max
{
|Ψ(n0)Y (n0)|, L2

L−1
|Ψ(n0 + 1)Y (n0 + 1)|

}
, then

|Ψ(n)Y (n)| ≤ L1

(
L− 1

L

)n−n0

, for all n ≥ n0

Therefore, |Ψ(n)Y (n)| → 0 as n → ∞. From Theorem 6.3.1, the equation

(6.1.4) is Ψ-asymptotically stable on N.

Now, we obtain sufficient conditions for Ψ-asymptotic stability of the

trivial solution of (6.1.3) as the perturbed equation of (6.1.4).

Theorem 6.3.3. Suppose that:

(i) there exist a positive constant L > 1 such that the fundamental matrix

Y (n) of (6.1.4) satisfies the condition (6.3.1),

(ii) the nonlinear function f(n, x) satisfies the condition

‖Ψ(n+ 1)f(n, x(n))‖ ≤ α(n)‖Ψ(n)x(n)‖, (6.3.3)

where α(n) is a non-negative sequence such that

sup
n≥n0

α(n) <
1

L
, (6.3.4)

for all n, n0 ∈ N and x(n) ∈ Rn.

Then, the trivial solution of the equation (6.1.3) is Ψ-asymptotically stable

on N.
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Proof. From condition (i), Theorems 6.3.2 and 6.3.1, we have

lim
n→∞

|Ψ(n)Y (n)| = 0.

Then, there exists a positive constant M such that |Ψ(n)Y (n)| ≤ M , for

all n ∈ N.

From (6.3.4), there exists β such that

α(n) ≤ β = sup
n≥n0

α(n) <
1

L
, for all n ∈ N.

For a given ε > 0 and n0 ≤ n, n0 ∈ N, we choose

δ = min

{
ε

2
,

(1− βL)ε

2M |Y −1(n0)Ψ−1(n0)|

}
> 0

such that ‖Ψ(n0)x(n0)‖ < δ. By variation of constants formula, the solution

of (6.1.3) with x(n0) = x0 is given by

x(n) = Y (n)Y −1(n0)x(n0) +
n−1∑
`=n0

Y (n)Y −1(`+ 1)f(`, x(`)), (6.3.5)

for all n0 ≥ n ∈ N. From (6.3.5) and (6.3.3), we have

‖Ψ(n)x(n)‖ ≤ |Ψ(n)Y (n)||Y −1(n0)Ψ−1(n0)|‖Ψ(n0)x(n0)‖

+
n−1∑
`=n0

|Ψ(n)Y (n)Y −1(`+ 1)Ψ−1(`+ 1)||Ψ(`+ 1)f(`, x(`))|

≤M |Y −1(n0)Ψ−1(n0)|δ + Lα(`)‖Ψ(`)x(`)‖
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≤M |Y −1(n0)Ψ−1(n0)|δ + Lβ sup
n≥n0

‖Ψ(n)x(n)‖,

which implies that

sup
n≥n0

‖Ψ(n)x(n)‖ ≤ M

1− βL
|Y −1(n0)Ψ−1(n0)|δ ≤ ε

2
< ε.

From Definition 5.2.1, the trivial solution of nonlinear equation (6.1.3)

is Ψ-stable on N. In order to prove, the trivial solution of (6.1.3) is Ψ-

asymptotically stable, we must show that lim
n→∞

‖Ψ(n)x(n)‖ = 0.

Suppose that lim sup
n→∞

‖Ψ(n)x(n)‖ = λ > 0. Let θ be such that βL <

θ < 1, then exists n1 ≥ n0 such that ‖Ψ(n)x(n)‖ < λ
θ
, for all n ≥ n1.

Thus for n ≥ n1, we have

‖Ψ(n)x(n)‖ ≤ |Ψ(n)Y (n)||Y −1(n0)Ψ−1(n0)|‖Ψ(n0)x(n0)‖

+
n−1∑
`=n0

|Ψ(n)Y (n)Y −1(`+ 1)Ψ−1(`+ 1)||Ψ(`+ 1)f(`, x(`))|

≤ |Ψ(n)Y (n)||Y −1(n0)Ψ−1(n0)|δ

+

n1−1∑
`=n0

|Ψ(n)Y (n)||Y −1(`+ 1)Ψ−1(`+ 1)|α(`)‖Ψ(`)x(`)‖

+
n−1∑
`=n1

|Ψ(n)Y (n)Y −1(`+ 1)Ψ−1(`+ 1)|βλ
θ
.

Simplifying, we get

‖Ψ(n)x(n)‖ ≤ |Ψ(n)Y (n)| {|Y −1(n0)Ψ−1(n0)|δ+
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n1−1∑
`=n0

|Y −1(`+ 1)Ψ−1(`+ 1)|α(`)‖Ψ(`)x(`)‖ }+
Lβλ

θ
.

From lim
n→∞

|Ψ(n)Y (n)| = 0, it follows that there exists η > 0, sufficiently

large, such that

|Ψ(n)Y (n)| <
λ− Lβλ

θ

2Q
, for all n ≥ η,

where

Q = |Y −1(n0)Ψ−1(n0)|δ +

n1−1∑
`=n0

|Y −1(`+ 1)Ψ−1(`+ 1)|α(`)‖Ψ(`)x(`)‖.

Thus, for n ≥ η, we have

|Ψ(n)Y (n)| <
λ− Lβλ

θ

2
+
Lβλ

θ
<
λ+ Lβλ

θ

2
,

it follows that

λ <
λ+ Lβλ

θ

2
< λ,

which is a contradiction. Therefore

lim
n→∞

‖Ψ(n)x(n)‖ = 0.

Thus, the trivial solution of (6.1.3) is Ψ-asymptotically stable on N.

The following example illustrate above theorem.
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Example 6.3.2. Consider the nonlinear difference equation (6.1.3) with

A(n) =

n+2
n+1

0

0 2

 , f(n, x(n)) =

5−(n+1)
(

2(n+2)
n+1

)
sin(x1(n))

3(5−(n+1))x2(n)

 .
Then the fundamental matrix of (6.1.4) is

Y (n) =

n+ 1 0

0 2n

 .
If we take

Ψ(n) =

 2−n

n+1
0

0 3−n

 , for all n ∈ N,

then

Ψ(n)Y (n)Y −1(`+ 1)Ψ−1(`+ 1) =

2`−n+1 0

0
(

2
3

)n−`−1


and

n−1∑
`=0

|Ψ(n)Y (n)Y −1(`+ 1)Ψ−1(`+ 1)| = 3

(
1−

(
2

3

)n)
≤ 3.

Therefore, condition (i) of Theorem 6.3.3 is satisfied. Consider

Ψ(n+ 1)f(n, x(n)) = 5−(n+1)

 2−n

n+1
sin(x1(n))

3−nx2(n)

 ,
we have ‖Ψ(n+1)f(n, x(n))‖ ≤ 5−(n+1)‖Ψ(n)x(n)‖, for all n ∈ N. It follows
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that (6.3.3) and (6.3.4) are satisfied with L = 3 > 1 and α(n) = 5−(n+1).

Therefore, all conditions of Theorem 6.3.3 are satisfied. Thus, the nonlinear

equation (6.1.3) is Ψ-asymptotically stable on N.

From Lemma 6.2.1 of (1), the difference equation (6.2.1) with

AΨ =

1/2 0

0 2/3

 and FΨ(n, u(n)) =
1

5n+1


sin(2n(n+ 1)u1(n))

2n(n+ 1)

u2(n)


is asymptotically stable on N.

Figure 6.2: Phase diagrams of nonlinear difference equations in Example 6.3.2 with
initial conditions x1(0), x2(0) varies from 0 to 5.

Fig 6.2(a) describes solutions of (6.1.3) which are moving towards infin-

ity from zero solution, i.e., zero solution of (6.1.3) is unstable. In Fig 6.2(b)

solutions of (6.2.1) are approaching to zero as n approaches to infinity, i.e.,

zero solution of (6.2.1) is asymptotically stable on N.
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Theorem 6.3.4. Suppose that :

(i) the fundamental matrix Y (n) of (6.1.4) satisfies

|Ψ(n)Y (n)Y −1(`)Ψ−1(`)| ≤ K, for all 0 ≤ ` ≤ n,

where K is a positive constant,

(ii) there exist a positive constant L > 1 such that the fundamental matrix

Y (n) of the equation (6.1.4) satisfies the condition (6.3.1),

(iii) the nonlinear function f satisfies the condition

‖Ψ(n+ 1)f(n, x(n))‖ ≤ α(n)‖Ψ(n)x(n)‖,

where α(n) is a non-negative sequence on N such that

q =
∞∑
`=0

α(`) <∞.

Then, the trivial solution of the system (6.1.3) is Ψ-asymptotically stable

on N.

Proof. Let n0 ∈ N and x(n0) = x0. Then the solution (6.1.3) with x(n0) =

x0 is given by (6.3.5). Let ε > 0 and δ(ε) =
e−Kq

2K
ε > 0 such that

‖Ψ(n0)x(n0)‖ < δ. Consider

‖Ψ(n)x(n)‖ ≤ |Ψ(n)Y (n)Y −1(n0)Ψ−1(n0)|‖Ψ(n0)x(n0)‖
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