
CHAPTER 1

INTRODUCTION



Chapter 1

Introduction

This thesis titled “Vague Gamma-Semirings” can alternatively named as In-

tuitionistic Fuzzy Gamma-Semirings as vague sets and Intuitionistic Fuzzy Sets are

mathematically same objects.

In 1965, Zadeh, L.A.[70] introduced the concept of fuzzy sets by defining them in

terms of mappings from a set into the unit interval on the real line. Fuzzy sets have

been introduced to provide means to describe situations mathematically which give

rise to ill-defined classes, i.e., collections of objects for which there is no precise criteria

for membership. Collections of this type have fuzzy boundaries; there are objects for

which it is impossible to determine whether or not they belong to the collection. Most

of the initial work in the development of the concept of fuzzy set has been theoretical

in nature. Now a days the theory of fuzzy sets have wider scope of applicability than

classical set theory. It has been found applicable in so diverse areas like Linguistics,

Robotics, Computer languages, Military control, Artificial intelligence, Law, Psychol-

ogy, Taxonomy, Economics and Medical and Social Sciences. In fuzzy set theory, a

fuzzy set ψ is a class of objects X along with a grade of membership function. This

membership function ψ(p), p ∈ X, assigns to each object a grade of membership

ranging between zero and one. Zadeh, L.A.[70] assigns to each object a single value.

This single value combines the evidence for p ∈ X and the evidence against p ∈ X

without indicating how much there is for each. The single numbers tells us nothing

about its accuracy. Several decision makers and researchers felt that in proper deci-

sion making, the evidence of p belonging to ψ and evidence not belonging to ψ are
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both necessary, and how much p belongs to ψ or how much p does not belongs to ψ are

also necessary. To counter this problem Gau, W.L. and Buehrer, D.J.[19] introduced

the concept of Vague Set Theory. Accordingly a vague set A of a given universe X

can be characterized by means of a pair of functions (tA, fA) where tA and fA are

functions from X into [0,1] such that tA(p)+fA(p) ≤ 1, ∀ p ∈ X. The tA is called the

membership function and tA(p) gives evidence of how much an element p belongs to

A and fA is called non-membership function and fA(p) gives evidence of how much

an element p does not belong to A. These concepts are being applied in several areas

like decision making, fuzzy control systems, knowledge discovery and fault diagnosis

etc. In fact, if X is a set, a function A from X to [0,1] is said to be a fuzzy subset of

X. In a fuzzy set the transition between membership and non-membership is gradual

rather than abrupt. Even though Atanassov, K.T.[3]’s intuitionistic fuzzy sets and

Gau, W.L. and Buehrer, D.J.[19]’s vague sets are mathematically equivalent, we wish

to follow the terminology of vague sets. A fuzzy set of a set X is a mapping from

X into [0,1]. A vague set A of set X is a pair (tA, fA) where tA : X → [0, 1] is a

membership function and fA : X → [0, 1] is a non-membership function satisfying

the condition tA(p) + fA(p) ≤ 1, ∀ p ∈ X. A fuzzy set tA of X can be identified with

the pair (tA, 1− tA). Thus the theory of vague sets is a generalization of the theory

of fuzzy sets.

The concept of Γ-ring in algebra was introduced and studied first by Nobusawa,

N.[45] in 1964. In fact, there have been a few slightly different definition on a Γ-ring.

In 1995, M.K.Rao[42, 43] introduced the concept of Γ-semiring as a generalization

of Γ-ring as well as semiring and studied the concepts of Γ-semirings and its sub

Γ-semirings with a left(resp. right) unity. Further the ideals, prime ideals, semiprime

ideals, k-ideals and h-ideals of a Γ-semiring, regular Γ-semiring were extensively stud-

ied by Kyuno, S.[33] and M.K.Rao[42, 43]. The properties of an ideal in semirings

and Γ-semirings were some what different from the properties of the usual ring ideals.
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Moreover the notion of Γ-semiring not only generalizes the notions of semiring and

Γ-ring but also the notion of ternary semiring.

Ranjit Biswas[55] initiated the study of vague algebra by introducing vague groups,

vague normal groups, vague homomorphisms and vague relations which are general-

izations of fuzzy groups, fuzzy normal groups, fuzzy homomorphisms and fuzzy re-

lations. Further Ramakrishna, N.[47–54] continued the study of vague algebra by

studying the characterization of cyclic groups in terms of vague groups, vague normal

groups, homologous vague groups, vague normalizer, vague centralizer, vague weights

and vague graphs. Also Eswarlal, T.[15–18, 47] introduced and studied the L-vague

sets, L-vague relations, L-vague groups, where L is a complete lattice satisfying infi-

nite meet distributive law, vague ideals in semirings, normal vague ideals in semirings,

Boolean vague sets, Boolean vague prime ideals and Boolean vague maximal ideals in

a general ring. Furthermore Zelalem, T.[71–75] introduced and studied I-vague sets,

I-vague relations, I-vague groups, I-vague normal groups, I-vague prime ideals and

I-vague maximal ideal in the lines of L-vague algebra and Boolean vague algebra,

where I is an Involutary DRL-semigroup.

The objectives of this thesis are

(i) The study of fuzzy Γ-semiring, fuzzy ideal and normal fuzzy ideal of a Γ-semiring.

(ii) The study of vague Γ-semiring of a Γ-semiring.

(iii) The study of vague ideals, operations on vague ideals and normal vague ideals

of a Γ-semiring.

(iv) The study of L-vague ideals, L-vague prime ideals and L-vague maximal ideals

of a Γ-semiring.

(v) The study of vague bi-ideals, vague quasi ideals and vague magnified translation

of a vague set of a Γ-semiring. Finally we give an application of a vague magnified

translation of a vague set in medical diagnosis.
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This thesis is divided into 8 chapters.

In Chapter 1, we give introduction of the thesis.

In Chapter 2, we collect some important definitions and results from primary

resources available and which will be used more frequently in text, for ready reference.

In Chapter 3, we introduce and study the concept of fuzzy Γ-semiring of a Γ-

semiring. We prove that the intersection of two fuzzy Γ-semirings of a Γ-semiring is

a fuzzy Γ-semiring but the union of two fuzzy Γ-semirings of a Γ-semiring need not

be a fuzzy Γ-semiring. Also, we prove that two fuzzy Γ-semirings are equal if and

only if their images are equal and their level sets are also equal. The study of fuzzy

left(resp. right) ideal by Sujit Kumar Sardar and Dutta, T.K.[64] is continued and we

introduce the concept of normal fuzzy ideal of a Γ-semiring and establish a condition

for normal fuzzy left(resp. right) ideal from a family of fuzzy left(resp. right) ideal.

In Chapter 4, we introduce and study the concept of vague Γ-semiring of a Γ-

semiring and study various properties. We prove that a vague set A of a Γ-semiring

R is a vague Γ-semiring if and only if the vague cut A(α,β) is a sub Γ-semiring of R.

Further it is shown that the class of all vague Γ-semirings is a De-Morgan algebra.

Also we introduce the concept of vague homomorphism of a Γ-semiring and we prove

that the homomorphic image and inverse homomorphic image of a vague Γ-semiring

is also a vague Γ-semiring. Moreover we prove that the homomorphic image and

inverse homomorphic image of a vague Γ-semiring with Sup. property is a vague Γ-

semiring with Sup. property. Further we introduce the concept of vague characteristic

Γ-semiring of a Γ-semiring and study their properties.

In Chapter 5, we introduce and study the concept of left(resp. right) vague ideal

of a Γ-semiring and establish a few natural important consequences of the concepts.

We prove that a vague set A of a Γ-semiring R is a left(resp. right) vague ideal if

and only if the vague cut A(α,β) is a left(resp. right) ideal of R. Further we prove

that homomorphic image and inverse homomorphic image of a left(resp. right) vague

4



ideal of R is also a left(resp. right) vague ideal of R. Also we define different types of

operations such as sum, product and composition on a left(resp. right) vague ideals

of a Γ-semiring and we prove that these operations give rise to the structure of a

complete lattice on the class of all left(resp. right) vague ideals of a Γ-semiring. We

also introduce the concept of normal left(resp. right) vague ideal of a Γ-semiring and

we prove that, a non-constant maximal element in the set of all normal left(resp.

right) vague ideals of a Γ-semiring takes only two vague values [0, 0] and [1, 1]

and further we prove that homomorphic image and inverse homomorphic image of

a normal left(resp. right) vague ideal of a Γ-semiring R is also a normal left(resp.

right) vague ideal of R.

In Chapter 6, we introduce and study the concepts of L-vague ideal, L-vague

prime ideal and L-vague maximal ideal of a Γ-semiring taking values in a complete

lattice L satisfying infinite meet distributive law (i.e., Complete Brouwerian Lattice).

Further we introduce upper L-vague α-cut U(ψα) and lower L-vague α-cut L(ψα)

of a Γ-semiring and prove that a L-vague set ψ = (tψ, fψ) of a Γ-semiring R is a

left(resp. right) L-vague ideal of R if and only if the non-empty subsets U(ψα) and

L(ψα) are crisp left(resp. right) ideals of R, for every α ∈ L. Moreover we introduce

a L-vague characteristic set δS = (tδS , fδS) of a set S, where S is a subset of a Γ-

semiring R taking values in L and we show that the concept of left(resp. right)

L-vague ideal of R is an extension of a left(resp. right) ideal of R. Next we prove

a lemma (6.2.4), which plays an important role in the study of L-vague prime ideals

and L-vague maximal ideals of a Γ-semiring with Complete Brouwerian Lattice L i.e.,

for any left(resp. right) ideal I of a Γ-semiring R, the L-vague set ψ = (tψ, fψ) of R

defined by

Vψ(p) =

 [1L, 1L] if p ∈ I

[α, β] if p /∈ I

where α, β ∈ L with α < β, ∀ p ∈ R is a left(resp. right) L-vague ideal of R. We
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study L-vague sets for various complete lattices L other than [0, 1], because they

possess several interesting properties which vague sets do not possess. Further we

determine all L-vague prime ideals of a Γ-semiring R by establishing a one-to-one

correspondence between L-vague prime ideals of R and the pairs (I, α), where I is

a prime ideal of R and α is a prime element in L. i.e., I be any prime ideal of a

Γ-semiring R, α be a prime element in L and let ψ = (tψ, fψ) be a L-vague set of R

defined by

Vψ(p) =

 [1L, 1L] if p ∈ I

[α, β] otherwise

where β ∈ {α, 1L}. Then ψ is a L-vague prime ideal of R.

Conversely for any L-vague prime ideal ψ of R there exists a prime ideal I and a

prime element α in L such that

Vψ(p) =

 [1L, 1L] if p ∈ I

[α, β] otherwise

where β is a prime element in L or β = 1L. In particular if L is a unit interval [0, 1]

of real numbers, since every element α 6= 1 is prime, with such α and a prime ideal

of a Γ-semiring R, we get a vague prime ideal of R with usual operations on [0, 1].

We observed that if we consider L as a unit interval [0, 1] of real numbers, then

since [0, 1] has no dual atoms, we can not have any vague maximal ideals of a Γ-

semiring R even though R may possess more number of maximal ideals. In this regard,

vague maximal ideals exists only when L is a complete lattice satisfying infinite meet

distributive law(i.e., Complete Brouwerian Lattice) and hence we determine all L-

vague maximal ideals of a Γ-semiring R by establishing a one-to-one correspondence

between L-vague maximal ideals of R and the pairs (M,α), where M is a maximal

ideal of R and α is a dual atom in L. i.e., if ψ = (tψ, fψ) is a L-vague set of a

Γ-semiring R, then ψ is a L-vague maximal ideal of R if and only if there exists a
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maximal ideal M of R and a dual atom α in L such that

Vψ(p) =

 [1L, 1L] if p ∈M

[α, 1L] otherwise
.

In Chapter 7, we introduce and study the concepts of a vague bi-ideal and vague

quasi ideal of a Γ-semiring and we prove that in a regular Γ-semiring R every bi-ideal

is a left(resp. right) ideal if and only if every vague bi-ideal is a left(resp. right)

vague ideal. Further we prove that the intersection of a right vague ideal and a left

vague ideal of a Γ-semiring R is a vague quasi ideal of R and we characterize regular

Γ-semiring in terms of vague bi-ideals and vague quasi ideals.

Also we introduce and study the concept of vague magnified translation of a vague

set in a Γ-semiring and we characterize vague Γ-semiring, left(resp. right) vague ideal,

vague bi-ideal and vague quasi ideal in terms of vague magnified translation. Further

we establish that if a vague set A of a Γ-semiring R is a left(resp. right) vague ideal

then the vague magnified translation Acβα of A is a vague bi-ideal of R and if A is

a left(resp. right) vague ideal of a left(resp. right) zero Γ-semiring R, then Acβα is a

constant vague set. Moreover we prove that if a vague set A is a vague interior ideal

of a regular Γ-semiring R, then Acβα is a left vague ideal as well as right vague ideal

of R.

In Chapter 8, we think about a novel use of vague set in a medical diagnosis by

applying the normalized Euclidean distance method to quantify the distance between

every IT worker and every health problem. In this association we have taken a study

from companions and relatives which are working in programming businesses in India.

The most well-known issues which are distinguished in IT experts are specifically

Musculoskeletal discomfort, Computer Vision Syndrome, some of them were avoiding

their family and their standard wellspring of dinner was inn, overweight, were not

fulfilled by the time they went through with their family and so forth. In the present
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study, especially about the Stress, Ulcer, Vision Problem, Spinal Problem and Blood

Pressure lastly we obtain the solution which determines the health problem of the IT

worker.
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