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Chapter - 4 

RESYNTHESIS OF DEGRADED ARRAY PATTERNS 

 The degraded field pattern of the linear array antenna observed earlier are 

corrected using an error minimization scheme using the concepts of dithering. 

Correction of the array coefficients for resynthesis of the array pattern is achieved by 

employing Modified Gradient Based Algorithm. The algorithm performance is analyzed 

for both the noise-free case and the noisy environment case with various noise levels. 

The robustness of the proposed algorithm is analyzed and results are presented in detail 

in this chapter. The resynthesis techniques considered herewith can be employed for 

effective calibration of phased array antennas.  

4.1. DITHERED ARRAY COEFFICIENTS AND THEIR EFFECT 

 The concepts of dithering in the area of signal processing are studied and 

incorporated in the estimation and correction process of the array pattern. Dithering is 

a process which decorrelates the quantization noise from the signals and helps in 

preventing distortions that may occur in the signals at the output. Usually the dithering 

levels to be added before or after the quantization process must be of low-amplitude or 

else a high-frequency signal. This type of dithering added to the signals yields some 

random natured distortion in the signal which results in the decorrelation of noise from 

the signal.  

 Dithering is applied to the signal before the application of any type of coding 

technique and in specific it is applied on the analog signal before the quantization 

process and then removed at the receiving end after the quantization process [6 and 9]. 

This application of dithering to the analogous signal resulted in the wide spread of the 

non-linearities over the signal amplitude during quantization and finally the output is a 

pleasable audio signal.  

 The same technique has also got its applications in the field of video processing. 

When this dithering technique is used in the correction of array patterns along with the 

error minimization schemes or algorithms, the results are much closer to the true field 

patterns.  
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 In this chapter, a high frequency pseudo random noise is used to dither the array 

coefficients and the resulting dithered patterns are used for the computation of the 

correlation matrix. Nonetheless, the application of this pseudo random noise is neither 

additive nor subtractive in the total procedure of estimation and correction [60]. Further 

the error minimization scheme proposed uses this correlation matrix and its Eigen 

values in the process of correcting the array coefficients and the array patterns. 

 The random noise introduced need not bear any relation to the random errors that 

exist in the actual coefficients. The dithering introduced in the array coefficients ensure 

that they vary at a faster rate when compared to that of the actual array coefficients. 

This helps in adaptive correction of the actual array towards the true array pattern.  

4.1.1. Concepts of Dithering 

 The dithering is applied initially on the true coefficients and are represented in a 

similar way to the actual coefficients represented in Chapter 2. Hence the dithered 

coefficients pertaining to the true array with their magnitudes and phases are given by 

the Equation (4.1) and are referred to as the true-dithered coefficients. They are denoted 

by 

�̃�𝑛 = �̃�𝑛𝑒𝑗�̃�𝑛 and �̃�𝑛 = 𝑎𝑛𝑒𝛼1𝜗𝑛 

 where �̃�𝑛 = 𝜓𝑛 + 𝜇𝑛∆1,  𝛼1 = 0.05 𝑙𝑛(10) 𝜎1 𝑑𝐵,  ∆1 =  √3𝛿1 

 �̃�𝑛 = 𝑐𝑛𝑒𝛼1𝜗𝑛𝑒𝑗( 𝜇𝑛∆1) (4.1) 

 Where the set of 𝜗𝑛 (unit-variance, zero mean Gaussian random variable) values 

are chosen to be same during each run of the algorithm and remains same in the 

computation of actual coefficients; similar is the case with the set of values of 𝜇𝑛 

(uniform random variable over [-1, 1]). The true-dithered coefficients represented in 

Equation (4.1) results in the matrix given in Equation (4.2).   

 �̃� =

[
 
 
 
 
 
 
�̃�1

�̃�2

.

.

.

.
�̃�𝑁]

 
 
 
 
 
 

 (4.2) 
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 The coefficients of the actual array are also dithered and are referred to as actual-

dithered coefficients and they are also represented in a similar way as in the case of the 

true array coefficients. Hence the dithered coefficients pertaining to the actual array 

with their magnitudes and phases are given by the Equation (4.3)  

�̂̃�𝑛 = �̂�𝑛𝑒𝑗�̂�𝑛𝑒𝛼1𝜗𝑛𝑒𝑗( 𝜇𝑛∆1) 

 �̂̃�𝑛 = �̂�𝑛𝑒𝛼1𝜗𝑛𝑒𝑗( 𝜇𝑛∆1) (4.3) 

 The values of 𝜎1 and 𝛿1 are to be chosen so that the variations introduced using 

dithering are faster than that of perturbations or the fluctuations that caused the actual 

array coefficients and hence various cases are analysed to make a choice of the values 

for 𝜎1 and 𝛿1.  

4.1.2. Error Analysis using Dithering 

 The error equations and assumptions discussed in Section (2.4.2), are used for 

further analysis on errors when dithering is used. This requires few sets of dithering 

levels, as considered in Table 4.1, by which the performance of the proposed algorithm 

can be further carried out. 

Table: 4.1. Dithering levels chosen for analysis of performance of the proposed 

algorithm 

Set Number Values of 𝝈𝟏 and 𝜹𝟏 Set Number Values of 𝝈𝟏 and 𝜹𝟏 

Set 1 𝜎1 = 3 𝑑𝐵; 𝛿1 = 110 Set 8 𝜎1 = 4 𝑑𝐵; 𝛿1 = 120 

Set 2 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 Set 9 𝜎1 = 4 𝑑𝐵; 𝛿1 = 130 

Set 3 𝜎1 = 3 𝑑𝐵; 𝛿1 = 130 Set 10 𝜎1 = 4 𝑑𝐵; 𝛿1 = 140 

Set 4 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 Set 11 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 

Set 5 𝜎1 = 3 𝑑𝐵; 𝛿1 = 150 Set 12 𝜎1 = 4 𝑑𝐵; 𝛿1 = 200 

Set 6 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 Set 13 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 

Set 7 𝜎1 = 4 𝑑𝐵; 𝛿1 = 110 Set 14 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 

  

 All the values are chosen a bit greater than the values involved in the previously 

assumed perturbations. Among the above, Set 2, Set 4, Set 6, Set 11, Set 13 and Set 14 

are chosen for analysis as they resulted in a pleasable range of residual error and 

convergence speed of the proposed algorithm which will be discussed in next sections. 
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 Also the values of 𝜎 = 2 𝑑𝐵 and 𝛿 = 100 are maintained constant to observe the 

effect of dithering using the 14 set of values. In the Figure 4.1, the Set 1 values 

𝜎1 = 3 𝑑𝐵; 𝛿1 = 110 resulted in the decrease of dynamic range of error values of 

(−25.41 𝑑𝐵, −9.79 𝑑𝐵) from the actual dynamic range (−35.51 𝑑𝐵,−8.93 𝑑𝐵) of 

error with 𝜎 = 2 𝑑𝐵;  𝛿 = 100. In the Figure 4.2, the maximum error is exactly the 

same with −9.80 𝑑𝐵 and the minimum error −25.24 𝑑𝐵. 

 
Figure: 4.1. Error with and without dithering for Set 1 

  
Figure: 4.2. Error with and without dithering for Set 2 
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 In the Figure 4.3, the maximum error is exactly the same with −9.80 𝑑𝐵 but the 

minimum error has changed slightly from −25.24 𝑑𝐵 to −25.07 𝑑𝐵.  

 
Figure: 4.3. Error with and without dithering for Set 3 

  
Figure: 4.4. Error with and without dithering for Set 4 

 Observing the Figure 4.4 and Figure 4.5, the maximum error remained exactly the 

same with −9.81 𝑑𝐵 for the Set 4 and Set 5, but the minimum error has changed from 
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−25.88 𝑑𝐵 to −25.69 𝑑𝐵. Later, in the Figure 4.6, the maximum error is different for 

both the Set 6 and Set 7 which is approximately 1 𝑑𝐵 and the minimum error has the 

value −23.84 𝑑𝐵. 

 
Figure: 4.5. Error with and without dithering for Set 5 

  
Figure: 4.6. Error with and without dithering for Set 6 

 In the Figure 4.7, the maximum error is approximately 1 𝑑𝐵, but the minimum error 

has the value −24.81 𝑑𝐵. Reason for the deviations is noted to be in the Set 6 is due to 
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the value of 𝛿1  which is suddenly changed by 50 (𝛿1  = 200) and since in Set 7, 

𝜎1 = 4 𝑑𝐵; 𝛿1  = 110, the maximum and minimum error values of this set are more 

close to Set 5 rather than that of Set 6.  

 
Figure: 4.7. Error with and without dithering for Set 7 

  
Figure: 4.8. Error with and without dithering for Set 8 

 Further the Sets 8,9,10, 11 and 12 resulted in a similar fashion of maximum and 

minimum errors in the Figure 4.8 to Figure 4.12. Hence, the Set 13 and Set 14 are 
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chosen only with 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 and 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 which can result in 

considerable maximum and minimum error values. 

 
Figure: 4.9. Error with and without dithering for Set 9 

 
Figure: 4.10. Error with and without dithering for Set 10 

 The result of Set 11 as shown in Figure 4.11 is chosen for future analysis where 

there is a noticeable change in minimum and maximum error values of −24.29 𝑑𝐵 and 

−11.06 𝑑𝐵 respectively.  
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Figure: 4.11. Error with and without dithering for Set 11 

  

 
Figure: 4.12. Error with and without dithering for Set 12 

 Similarly, the reason for choosing the values of Set 13 and Set 14 for future analysis 

with noticeable change in the extreme values of the error can be seen from the Figure 

4.13 and Figure 4.14. 
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Figure: 4.13. Error with and without dithering for Set 13 

  

 
Figure: 4.14. Error with and without dithering for Set 14 

 Throughout the Figure 4.1 to Figure 4.14, the error signal for the values of 

𝜎 = 2 𝑑𝐵 and 𝛿 = 100 is plotted as a reference to analyse the performance of dithering 

over the true array and actual arrays. This dynamic range of error with 𝜎1 = 3 𝑑𝐵; 𝛿1 =

110 is the maximum out of all other sets of values. The minimum dynamic range in 



84 

Resynthesis of Degraded Array Patterns   Chapter 4 

given sets of values is (−24.78 𝑑𝐵,−13.59 𝑑𝐵) for 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 and is 

shown in Figure 4.14. 

Table: 4.2. Error values with dithering for different Sets 

Set 

Number 
Values of 𝝈𝟏 and 𝜹𝟏 

Minimum error with 

dithering (in dB) 

Maximum error with 

dithering (in dB) 

Set 1 𝜎1 = 3 𝑑𝐵; 𝛿1 = 110 -25.41 -9.79 

Set 2 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 -25.24 -9.80 

Set 3 𝜎1 = 3 𝑑𝐵; 𝛿1 = 130 -25.07 -9.80 

Set 4 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 -24.88 -9.81 

Set 5 𝜎1 = 3 𝑑𝐵; 𝛿1 = 150 -24.69 -9.81 

Set 6 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 -23.84 -10.00 

Set 7 𝜎1 = 4 𝑑𝐵; 𝛿1 = 110 -24.81 -11.08 

Set 8 𝜎1 = 4 𝑑𝐵; 𝛿1 = 120 -24.69 -11.07 

Set 9 𝜎1 = 4 𝑑𝐵; 𝛿1 = 130 -24.57 -11.07 

Set 10 𝜎1 = 4 𝑑𝐵; 𝛿1 = 140 -24.43 -11.07 

Set 11 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 -24.29 -11.06 

Set 12 𝜎1 = 4 𝑑𝐵; 𝛿1 = 200 -24.16 -11.67 

Set 13 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 -24.76 -13.02 

Set 14 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 -24.78 -13.59 

*The values of maximum and minimum errors with dithering are given in Table 4.2 

with respect to the Set of values listed previously in the Table 4.1 

4.2. ERROR MINIMIZATION SCHEME  

 An error minimization scheme using near–field sensors or probes is considered 

which senses the field (the magnetic field here) departed from the actual array in the 

form of samples. This observed field is then chosen as the reference field in order to 

compute the error and it is then used in the process of correction. Near-field sensors are 

used in the calibration of phased array antennas [10, 32, 57 and 104]. Work using the 

near field sensors also discuss about the techniques of calibrating digital beam forming 

arrays [58]. Here the near-field sensor or multiple sensors are used along with dithering 

[60] to find an effective error minimization scheme which can be easily adopted by the 
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huge range of array antennas. A novel approach of error minimization using the 

Modified Gradient Based Algorithm is presented in this chapter. 

 The error computed basically takes into consideration, the coefficients of the true 

and the actual array and the parameters involved in the process of dithering. Hence, the 

performance of the error minimization scheme depends on the parameters chosen for 

dithering and as well the level of random errors that fluctuated the array coefficients. 

 The Equation (4.1) and Equation (4.2) are intended to produce the magnetic fields 

of the dithered true array and the dithered actual array denoted by 𝐇𝒅 and �̂�𝒅 

respectively. The subscript ′𝒅′ indicates the dithered fields. Now the error computed in 

between these dithered fields is given by ′𝝐′ [60] as follows:  

 𝝐 = 〈(�̂�𝑑 − 𝐇𝑑)  .  (�̂�𝑑 − 𝐇𝑑)
∗
〉 (4.3) 

 where   

〈𝐇𝑑  .  𝐇𝑑 
∗ 〉 =  𝐠′. {𝑐𝑚 𝑐𝑛

∗〈𝑒𝛼𝜈𝑚 𝑒𝛼𝜈𝑛𝑒𝑖Δ(𝜇𝑚−𝜇𝑛)〉} 𝐠∗ 

             = 𝐠′. {𝑐𝑚𝑐𝑛
∗𝛽𝑚𝑛}𝐠∗  

   〈𝐇𝑑  .  �̂�𝑑 
∗ 〉 = 𝐠′. {𝑐𝑚�̂�𝑛

∗𝛽𝑚𝑛}𝐠∗ 

(4.4) 

𝛽𝑚𝑛 = {
𝑒2𝛼2

≡ 𝛽0                               𝑖𝑓 𝑚 = 𝑛

𝑒𝛼2
(
𝑠𝑖𝑛𝛥

𝛥
)
2

≡ 𝛽1            𝑖𝑓 𝑚 ≠ 𝑛
} (4.5) 

 Further, the error signal can be simply expressed as 

 𝝐 = 𝐠′. 𝑫𝝐 𝐠
∗ (4.6) 

 where the 𝐃𝛜 matrix in the Equation (4.6) defines the error computed in between 

the dithered actual coefficients and the dithered true coefficients. The equation at a 

glance drags the attention on to  �̂�𝑛 and  𝑐𝑛, which represents the true coefficients and 

actual coefficients without dithering. But the factor 𝛽𝑚𝑛, from the Equation (4.5) 

represents the dithering present in the computation of error matrix 𝐃𝛜 which is 

Hermitian by nature and can be computed from Equation (4.7) and Equation (4.8). 
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 {𝐃𝛜}𝑚𝑛 = 𝛽𝑚𝑛(�̂�𝑚 �̂�𝑛
∗ + 𝑐𝑚 𝑐𝑛

∗ − �̂�𝑚 𝑐𝑛
∗ − 𝑐𝑚 �̂�𝑛

∗) (4.7) 

If 𝑒𝑛 = �̂�𝑛 − 𝑐𝑛, the 𝑚𝑛th element of 𝐃𝛜 can be written 

 {𝐃𝛜}𝑚𝑛  = 𝛽𝑚𝑛𝑒𝑚𝑒𝑛
∗ = 𝛽𝑚𝑛(−𝑒𝑚)(−𝑒𝑛

∗) (4.8) 

 Another way of representing the Hermitian matrix 𝐃𝛜 is by using the Hermitian 

conjugate represented by superscript † and the elements along the principal diagonal as 

follows by the Equation (4.9): 

𝐃𝛜 = 𝛽1 (�̂� − 𝐜)(�̂� − 𝐜)† 

 + (𝛽0 − 𝛽1) × diag (|�̂�𝑛|2 + |𝑐𝑛|2 − �̂�𝑛𝑐𝑛
∗ − 𝑐𝑛�̂�𝑛

∗) (4.9) 

 From the above Equation (4.3) and Equation (4.9), the error becomes zero, i.e., 

𝝐 = 𝟎, when the dithered fields 𝐇𝑑 and �̂�𝑑 are equal, i.e., 𝐇𝑑 = �̂�𝑑 and it is possible 

only when the coefficients �̂�𝑛, = 𝑐𝑛 along with the condition that 𝛽0 = 𝛽1 = 1, which 

indirectly means that there is no dithering at all. All these conditions are justified only 

when the environment is free from noise.  

 Hence, if the error is minimized towards the values of the true coefficients 𝑐𝑛, the 

fluctuations in the actual array can be minimized. Thus, a Modified Gradient Based 

Algorithm which minimizes the gradient of the error signal towards zero or towards a 

specified value is proposed with an estimation that the actual array coefficients are 

made equal or nearly equal to that of the true array. 

 Since the minimization of error based on computation of its gradient has its basic 

root from standard LMS algorithm, the modified algorithm is proposed may also be 

called as Modified Gradient Based Algorithm. Hence this error minimization scheme 

led to the correction of the array coefficients. 

4.3. CORRECTION OF ARRAY COEFFICIENTS USING MODIFIED 

GRADIENT BASED ALGORITHM 

 The convergence of the standard LMS algorithm towards the residual error of 0.2% 

as explained in the Chapter 3, depends on the values of random errors or the level of 

perturbations. This is analysed for a various Set of values of 𝜎 and 𝛿. Table 4.3 gives 
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an idea how convergence speed becomes faster as the variations in the random errors 

increase. The number of iterations tends to decrease as the fluctuations are more intense 

and that is the reason why the standard LMS is still preferred over other complex 

algorithms.  

Table: 4.3. Convergence of Standard LMS algorithm without dithering 

Set 

Number 
Values of 𝝈 and 𝜹 

Number of Iterations for 

Standard LMS 

Set (a) 𝜎 = 2 𝑑𝐵;  𝛿 = 100 2095 

Set (b) 𝜎 = 2 𝑑𝐵;  𝛿 = 110 1940 

Set (c) 𝜎 = 2 𝑑𝐵;  𝛿 = 120 1793 

Set (d) 𝜎 = 2 𝑑𝐵;  𝛿 = 130 1656 

Set (e) 𝜎 = 2 𝑑𝐵;  𝛿 = 140 1528 

Set (f) 𝜎 = 2 𝑑𝐵;  𝛿 = 150 1410 

  

 From the observations listed in the Table 4.3, the general behaviour of the standard 

LMS algorithm is evident that as the values of 𝜎 and 𝛿 (chosen for Set (a) to Set (f)) 

increases, the convergence speed increases with the decreasing number of iterations 

towards a certain residual error. Hence, in the Modified Gradient Based Algorithm, the 

dithering parameters are chosen such that 𝜎1 and 𝛿1 are always large enough than 

𝜎 and 𝛿 which caused perturbations in the array pattern.  

 Hence using dithering along with the Modified Gradient Based Algorithm, with 

these pre-requirements and assumptions, will have a faster convergence rate and takes 

less number of iterations to reach the given residual error. 

4.3.1. Correction Equations 

 Now framing the equations for correction of the coefficients by minimizing the 

error existing in them is considered from the base given in the Equation (4.3) and the 

Hermitian matrix in the Equation (4.8).  

 Now the gradient of the error in the Equation (4.3) is computed w.r.t the actual 

coefficients �̂�𝒋
(𝒌)

 and the resulting values of 𝒌𝒕𝒉 iteration are included in the 

computation of the coefficients �̂�𝒋
(𝒌+𝟏)

 in the (𝒌 + 𝟏)𝒕𝒉 iteration. As the gradient of the 
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error decreases towards zero, the actual coefficients are corrected towards the true 

coefficient values.  

�̂�𝑗
(𝑘+1)

= �̂�𝑗
(𝑘)

− 𝛾
𝜕𝜖

𝜕�̂�𝑗
∗|

(𝑘)

 

= �̂�𝑗
(𝑘)

− 𝛾𝐠′.
𝜕𝑫𝝐

𝜕�̂�𝑗
∗ |

(𝑘)

 𝐠∗ 

(4.10) 

 For j=1,2,…….,N, where 𝛾 is a positive real number and 

 

𝜕𝐃𝛜

𝜕�̂�𝑗
∗ |

(𝑘)

= {𝛿𝑛
𝑗
𝛽𝑚𝑗(�̂�𝑚

(𝑘)
− 𝑐𝑚)} 

         = 𝐠′. {𝛿𝑛
𝑗
𝛽𝑚𝑗(�̂�𝑚

(𝑘)
− 𝑐𝑚)} 𝐠∗  

(4.11) 

 where 𝛿𝑛 is Kronecker’s delta. Further, the correction vector is given by [60] 

𝑦𝑗
(𝑘+1)

= 𝑦𝑗
(𝑘)

− 𝛾 ∑ 𝐀𝑗𝑚𝑦𝑚
(𝑘)

𝑁

𝑚=1

, 𝑗 = 1,…… . . 𝑁 (4.12) 

where 𝐀𝑗𝑚 = 𝛽𝑚𝑗𝐠𝑚. 𝐠𝑗
∗  and 𝛾 <  2 𝜁𝑚𝑎𝑥⁄  (4.13) 

 The value of 𝛾 is chosen so that the algorithm converges as the value 𝑘 ⟶  ∞, 

|1 −  𝛾ζ𝑚𝑎𝑥| < 1 and where the maximum Eigen value 𝜁𝑚𝑎𝑥, of the Hermitian 

matrix 𝐀, whose values depends on the dithering. It is evident from the Equation (4.12), 

where 𝐀 is derived from the values of the 𝛽 computed from the Equation (4.5). 

 Table 4.4 clearly shows how the number of iterations required for the Modified 

Gradient Based Algorithm has reduced, with the increase in dithering values. All these 

values are calculated when there is no noise taken into consideration and supposed that 

the algorithm converges for a residual error of ‖𝑦(𝑘)‖
2

‖c‖2⁄  ≤  0.2%. 

  



89 

Resynthesis of Degraded Array Patterns   Chapter 4 

Table: 4.4. Convergence of Modified Gradient Based Algorithm with dithering 

Set 

Number 

Values of 𝝈𝟏 and 𝜹𝟏 Number of 

Iterations 

Set 1 𝜎1 = 3 𝑑𝐵; 𝛿1 = 110 1084 

Set 2 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 1034 

Set 3 𝜎1 = 3 𝑑𝐵; 𝛿1 = 130 984 

Set 4 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 935 

Set 5 𝜎1 = 3 𝑑𝐵; 𝛿1 = 150 887 

Set 6 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 672 

Set 7 𝜎1 = 4 𝑑𝐵; 𝛿1 = 110 652 

Set 8 𝜎1 = 4 𝑑𝐵; 𝛿1 = 120 632 

Set 9 𝜎1 = 4 𝑑𝐵; 𝛿1 = 130 612 

Set 10 𝜎1 = 4 𝑑𝐵; 𝛿1 = 140 591 

Set 11 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 570 

Set 12 𝜎1 = 4 𝑑𝐵; 𝛿1 = 200 466 

Set 13 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 379 

Set 14 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 325 

  

 Also, it is clearly observed from Table 4.4, that the error follows an exponentially 

decreasing curve as the algorithm converges, whatever may the number of iterations 

taken by the algorithm to converge.  

4.3.2. Correction in the Presence of Noise 

 Analysis is carried out to check the performance and robustness of the modified 

algorithm when receiver noise is present. Assume that there exists zero mean Additive 

White Gaussian Noise (AWGN) in the actual array which corrupts the actual 

coefficients and this is sensed through the near-field sensor located at a 

position 𝑃𝑠(1.1𝐿, 𝑅𝑓 100⁄ , 0), which is assumed to be free from noise.  

 The value of 𝑅𝑓 100⁄ = 4.8𝜆 for the linear array chosen and discussed in chapter 2 

and chapter 3. Furthermore, it is assumed that the noise considered herewith is 

independent of the dithering implied in the complete process and also it varies from 
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element to element. Hence the set of equations will vary accordingly because of the 

presence of the noise component in the actual array. The equation for the gradient of 

the error in the presence of noise is represented by ϵ̅ and is given by  

𝜕ϵ̅

𝜕�̂�𝑗
∗ =

𝜕ϵ

𝜕𝑐𝑗
∗ + 2�̃�2𝛽0�̂�𝑗 (4.14) 

 The correction vector when the actual array is corrupted by noise is given by  

𝑦𝑗
(𝑘+1)

=  𝑦𝑗
(𝑘)

− �̅� ∑ 𝐀𝑗𝑚𝑦𝑗
(𝑘)

𝑁

𝑚=1

− 2�̅��̃�2𝛽0(𝑐𝑗 + 𝑦𝑗
(𝑘)

) (4.15) 

As 𝑘 ⟶  ∞, 

 𝑦(∞) = −2�̃�2𝛽0[𝐀 + 2�̃�2𝛽0𝐈]
−1𝑐 

 

(4.16) 

 where 𝐈 is the identity matrix of order 𝑁, and �̅� is chosen so that 

|1 − �̅�(2�̃�2𝛽0 + ζ𝑚𝑎𝑥| < 1. Because of the presence of noise, the actual coefficients 

will not be corrected toward the true coefficients, but instead, they are corrected towards 

�̂� = 𝐜 + 𝑦(∞), at which the error has a zero gradient. 

 Defining the Signal power 𝑆 = ‖𝐀‖2 = ζ𝑚𝑎𝑥[105], the noise power as 

𝑁𝑛𝑜 = 2�̃�2𝛽0 [60] and the Signal to Noise ratio denoted by 𝑆 𝑁𝑛𝑜⁄ =  ζ𝑚𝑎𝑥 2�̃�2𝛽0⁄ , 

from the Equation (4.16), 

‖𝑦(∞)‖
2

= 2�̃�2𝛽0(𝜁𝑚𝑖𝑛 + 2�̃�2𝛽0)
−1‖𝐜‖2 (4.17) 

‖𝑦(∞)‖
2

‖𝒄‖2
 ≤  

2�̃�2𝛽0

𝜁𝑚𝑖𝑛 + 2�̃�2𝛽0
= 

𝜅𝑨

(𝑆 𝑁𝑛𝑜⁄ ) + 𝜅𝑨
 (4.18) 

 where 𝜅𝐴 = ζ𝑚𝑎𝑥 𝜁𝑚𝑖𝑛⁄  is called the condition number of the matrix 𝐀. Unlike the 

previous noise-free case, the algorithm converges depending more on this condition 

number in addition to the 𝑆 𝑁𝑛𝑜⁄  value. The behaviour of this condition number is 

analysed in different cases of 𝑆 𝑁𝑛𝑜⁄ = { 20 𝑑𝐵, 30 𝑑𝐵, 40 𝑑𝐵, 50 𝑑𝐵} and for a given 

set of values chosen for evaluating the same. 
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Table: 4.5. Set of values chosen for evaluating the Modified Gradient Based Algorithm 

with dithering in the presence of noise 

Set 

Number 

Values of 𝝈𝟏 and 𝜹𝟏 Number of 

Iterations 

Set 2 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 1034 

Set 4 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 935 

Set 6 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 672 

Set 11 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 570 

Set 13 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 379 

Set 14 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 325 

  

 The error residue curve for different SNR values is compared with a noise free case 

for Set 2, 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 in the Figure 4.15 and it is found that the algorithm 

does not converge in any of the 4 cases of additive noise. By observation, as the 𝑆 𝑁𝑛𝑜⁄  

increases from 20 𝑑𝐵 to 50 𝑑𝐵, the performance of the algorithm tends to match with 

that of the noise free case and the number of iterations taken by the modified algorithm 

varies from each 𝑆 𝑁𝑛𝑜⁄  value.  

  
Figure: 4.15. Error residue curve for different SNR values compared with noise free 

case for 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 
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 In the case of 𝑆 𝑁𝑛𝑜⁄ = 20 𝑑𝐵, the algorithm does not converge, but at the same 

time, it is observed that there is no use in continuing the iterations beyond 553, as the 

curve saturated at a finite value of −3.177 𝑑𝐵. Similarly, for 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, the 

curve saturated at −13.25 𝑑𝐵 after 989 iterations. For 𝑆 𝑁𝑛𝑜⁄ = 40 𝑑𝐵 and 50 𝑑𝐵, the 

algorithm has shown considerable result in correcting the coefficients, still saturating 

towards the values −30.84 𝑑𝐵 and −48.83 𝑑𝐵 respectively, for the same number of 

1034 iterations as in the noise free case. But the corrected far field pattern has the 

maximum match with that of the true pattern, only in the case of 𝑆 𝑁𝑛𝑜⁄ = 50 𝑑𝐵. 

 In the case of Set 4, 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140;  𝑆 𝑁𝑛𝑜⁄ = 20 𝑑𝐵, it is observed that after 

392 iterations, the curve saturated at a finite value of −3.427 𝑑𝐵, as shown in Figure 

4.16. Further, for 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, the curve saturated at −13.9 𝑑𝐵 after 915 iterations.  

  

Figure: 4.16. Error residue curve for different SNR values compared with noise free 

case for 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140  

 It is the similar case to the previous, that for 𝑆 𝑁𝑛𝑜⁄ = 40 𝑑𝐵 and 50 𝑑𝐵, the 

algorithm has shown considerable result in correcting the coefficients, for 935 iterations 

as in the noise free case. In this case also, the corrected far field pattern has the 

maximum match with that of the true pattern, only in the case of 𝑆 𝑁𝑛𝑜⁄ = 50 𝑑𝐵 

although the algorithm does not converge. This is due to the dithering applied to the 
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actual and true array coefficients, following the discussion about the Equation (4.16) 

previously. 

 Observing the next case of Set 6, 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200;  𝑆 𝑁𝑛𝑜⁄ = 20 𝑑𝐵, after 346 

iterations, the curve saturated at a value of −4.358 𝑑𝐵. Further, for 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

the curve saturated at −16.15 𝑑𝐵 after 669 iterations, as shown in Figure 4.17.  

 
Figure: 4.17. Error residue curve for different SNR values compared with noise free 

case for 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 

 Similar to previous 2 cases, that is for 𝑆 𝑁𝑛𝑜⁄ = 40 𝑑𝐵 and 50 𝑑𝐵, the algorithm 

has shown considerable result in correcting the coefficients, for 672 iterations in the 

noise free case. 

 Even in last three sets of values given in Table 4.5, similar results are observed. 

From the Figure 4.18, with Set 11, for 𝑆 𝑁𝑛𝑜⁄ = 20 𝑑𝐵, at 344th iteration, the curve 

started to saturate at a value of −4.887 𝑑𝐵. Further, for 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, the curve 

saturated at −17.32 𝑑𝐵 in the 563rd iteration, which is very close to the actual number 

of iterations (570 from Table 4.5) in the noise free case. 
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Figure: 4.18. Error residue curve for different SNR values compared with noise free 

case for 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 

 From the Figure 4.19, using Set 13, for 𝑆 𝑁𝑛𝑜⁄ = 20 𝑑𝐵, the algorithm, after 264 

iterations, started to saturate at a value of −6.404 𝑑𝐵 and for 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, it got 

saturated at −20.35 𝑑𝐵 after 371 iterations, almost close to that of the noise free case 

which is 379.  

 
Figure: 4.19. Error residue curve for different SNR values compared with noise free 

case for 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 
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Figure: 4.20. Error residue curve for different SNR values compared with noise free 

case for 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 

 Similar observations are reported from the Figure 4.20 for the Set 14, where for 

𝑆 𝑁𝑛𝑜⁄ = 20 𝑑𝐵, it is −7.044 𝑑𝐵 and for 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, it is −21.52 𝑑𝐵 after 325 

iterations which is exactly the same in the noise free case. The Figure 4.21 and Figure 

4.22 shows the worst case of correcting the coefficients within considered 𝑆 𝑁𝑛𝑜⁄  

values. It is for 𝑆 𝑁𝑛𝑜⁄ = 20 dB, irrespective of any Set number chosen.  

 
Figure: 4.21. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 20 𝑑𝐵 
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Figure: 4.22. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 20 𝑑𝐵  

 In all the cases of various Set numbers in Table 4.5, both the real part and the 

imaginary part of the coefficients does not follow the true coefficients with 

 𝑆 𝑁𝑛𝑜⁄ = 20 dB. Hence, in the Figure 4.22, the far field pattern of the corrected array 

does not follow the true pattern.  In the Figure 4.23, it is observed that the imaginary 

part of the corrected coefficients is almost at zero, i.e., near to an imaginary part of the 

true coefficients.  

  
Figure: 4.23. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵 
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 But there is an initial lag in the corrected coefficients curve in following the true 

coefficients and finally at the end, both curves nearly match with each other. The 

correction in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 dB has shown some considerable resynthesis of 

the array pattern as shown in Figure 4.24 with the corrected coefficients as shown in 

Figure 4.23, for the set numbers in Table 4.5. 

 This error in following the true coefficients has resulted in the far field pattern with 

slightly varying sidelobe levels than desired, and it can be clearly noticed in Figure 

4.24. Sidelobe levels in Figure 4.24 are below than the true array pattern, but the nulls 

are not existing in the pattern which may come out effecting the beam steering 

capabilities of the array while in operation. 

 
Figure: 4.24. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵  

 As the value of  𝑆 𝑁𝑛𝑜⁄  increases, the performance of the algorithm tends to improve 

and is shown in next figures. This is evident from the Figure 4.25, where 

𝑆 𝑁𝑛𝑜⁄ = 40 𝑑𝐵. There exits small error in this case also where initially, the real part 

of the corrected coefficients try to follow the true coefficients but later they merge with 

that of the true coefficients’ curve. The imaginary part of the corrected coefficients is 

perfectly zero. 
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Figure: 4.25. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 40 𝑑𝐵 

 The far field patterns of corrected and true arrays are almost the same from the 

Figure 4.26. When 𝑆 𝑁𝑛𝑜⁄ = 40 𝑑𝐵, the algorithm performed well for all the Set 

numbers in Table 4.5. 

 
Figure: 4.26. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 40 𝑑𝐵  

 Further, the algorithm performed extremely well, correcting the coefficients 

towards the true coefficients with 𝑆 𝑁𝑛𝑜⁄ = 50 𝑑𝐵. 
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 Observing the Figs. 4.27 and 4.28, it can be concluded that the far field pattern is 

completely resynthesized with various pattern constraints using the Modified Gradient 

Based Algorithm. The algorithm requires a sufficiently large signal to noise ratios for 

its efficient performance in the presence of noise. The only fact is that the real part of 

the coefficients after correction has minimum difference only at the extreme end of the 

array wherein the near-field sensor is closer.   

 
Figure: 4.27. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 50 𝑑𝐵 

 
Figure: 4.28. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 50 𝑑𝐵  
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 It is also observed that the algorithm requires less number of iterations for its 

performance in the presence of noise as discussed till now. This is due to the saturating 

level of residual error which does not offer any benefit of proceeding on with the 

number of iterations for optimizing the arrays. The corrected array patterns for  

𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 remained almost same as in the Figure 4.22 even when the 

number of iterations are restricted not to exceed 553 referring to the Figure 4.15 for 

various 𝑆 𝑁𝑛𝑜⁄  values. Similarly, for the remaining cases, the number of iterations 

required for optimum performance in the presence of noise are listed in Table 4.6. There 

may exist ±2% of error in the resynthesis of these array patterns using the Table 4.6 

when compared to the huge number of iterations required for perfection. But with this 

small error, one may take into consideration that the Modified Algorithm is optimum 

in minimising the convergence rate of the actual LMS algorithm. Since the performance 

of algorithm also depends on the condition number 𝜅𝐴, its value for different Set 

numbers is also given in Table 4.6, which is calculated for all cases with 

𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵. 

Table: 4.6. Set of values chosen for optimum performance of the Modified Gradient 

Based Algorithm in the presence of noise 

Set 

Number 

Values of 𝝈𝟏 and 𝜹𝟏 Number of 

Iterations 

*Condition 

Number (𝜿𝑨) 

Set 2 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 553 707 

Set 4 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 392 639 

Set 6 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 346 459 

Set 11 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 344 390 

Set 13 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 264 259 

Set 14 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 325 223 

* Condition number is calculated for all Sets with 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵 

4.4. ROBUSTNESS OF THE MODIFIED ALGORITHM 

 The analysis is carried out in the direction of minimizing the error that resulted in 

the corrected coefficients’ curve which failed to follow the true coefficients’ curve and 

thereby observing the robustness of the proposed algorithm. In order to minimize this 

particular error, which is dominating in the real part of the corrected coefficients, the 
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location of the near field sensor is now analysed to search for its optimum position. It 

is evident from previous figures that in all the different noise cases, the corrected 

coefficients almost merged with the true coefficient values only at the end point of the 

array where the near field sensor is located at 𝑃𝑠(1.1𝐿, 𝑅𝑓 100⁄ , 0). Hence, the location 

of the sensor is now taken for investigation. 

 The location of a near field sensor is now shifted away from the array along 𝑦 −axis 

so that its new position is 𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0), but still remains in the near field. All 

the results presented from Figure 4.29, are for 553 iterations only.  

 
Figure: 4.29. Error residue curve in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 

 This number of iterations is chosen to analyse each different set and test the 

robustness of the algorithm within a fixed number of iterations. The result is much 

closer corrected coefficients following the true coefficients as shown in Figure 4.30 and 

corrected far field pattern is shown in Figure 4.31. 

 The residual error in the Figure 4.29 in the case of 

 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 is −15.82 𝑑𝐵 with 

condition number 380 whereas in the previous location 𝑃𝑠, it is −13.25 𝑑𝐵 with 

condition number 707.  
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Figure: 4.30. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 

 
Figure: 4.31. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 

 The residual error in the Figure 4.32, in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 is −16.54 𝑑𝐵 with condition number 343 

whereas in previous location 𝑃𝑠, it is −13.9 𝑑𝐵 with condition number 639.  
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Figure: 4.32. Error residue curve in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 

 The Figure 4.33 shows how the corrected coefficients follow the true coefficients’ 

curve more closely and Figure 4.34 shows that the far field pattern of the corrected 

array is just around 1 𝑑𝐵 different from the true array pattern.  

  
Figure: 4.33. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 

 Observing the Figure 4.35, Figure 4.38, Figure 4.41 and Figure 4.44, it is apparent 

that as the dithering values keep on increasing according to the set numbers chosen in 
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Table 4.6, the condition number reduced and the corrected array pattern started to merge 

with that of the true array pattern as shown in the Figure 4.37, Figure 4.40, Figure 4.43 

and Figure 4.46. 

  
Figure: 4.34. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 

 The residual error w.r.t Figure 4.35, in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 is −18.96 𝑑𝐵 with condition number 246 

whereas in the previous location 𝑃𝑠, it is −16.15 𝑑𝐵 with condition number 459.  

 
Figure: 4.35. Error residue curve in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 
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Figure: 4.36. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 

  

 
Figure: 4.37. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵,  𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 

 The corrected coefficients also slowly merge with that of the true coefficients’ 

curve, and it can be observed in Figure 4.38, Figure 4.39, Figure 4.42 and Figure 4.45. 
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Further, the residual error w.r.t Figure 4.38, in the case of 

 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 𝑃′
𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0),  𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 is −20.22 𝑑𝐵 with 

condition number 209, whereas in the previous location 𝑃𝑠, it is −17.32 𝑑𝐵 with 

condition number 390. 

 
Figure: 4.38. Error residue curve in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 

 
Figure: 4.39. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 
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Figure: 4.40. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 

 The residual error w.r.t Figure 4.41, in the case of 

 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 𝑃′
𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0),  𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 is −23.45 𝑑𝐵 with 

condition number 138 whereas in previous location 𝑃𝑠, it is −20.35 𝑑𝐵 with condition 

number 259. 

 
Figure: 4.41. Error residue curve in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 
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Figure: 4.42. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 

 
Figure: 4.43. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 

 The residual error w.r.t Figure 4.44, in the case 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 is −24.69 𝑑𝐵 

with condition number 119 whereas in previous location 𝑃𝑠, it is −21.52 𝑑𝐵 with 

condition number 223. 
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Figure: 4.44. Error residue curve in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 

 

 
Figure: 4.45. True, actual and corrected coefficients in the case of 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 

𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 
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Figure: 4.46. Far field pattern of true and corrected array in the case of 

𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵, 𝑃′𝑠(1.1𝐿, 𝑅𝑓 50⁄ , 0); 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 

 The algorithm is repeated for various 𝑆 𝑁𝑛𝑜⁄  values has also resulted in a similar 

reduction of condition number and hence the algorithm can be easily used with all the 

constraints put together for its better performance. 

Table: 4.7. Performance of the Modified Gradient Based Algorithm with optimum 

location of near field sensor 

Set 

Number 

Values of 𝝈𝟏 and 𝜹𝟏 *Condition 

Number (𝜿𝑨) 

*Condition 

Number (𝜿𝑨) 

Set 2 𝜎1 = 3 𝑑𝐵; 𝛿1 = 120 707 380 

Set 4 𝜎1 = 3 𝑑𝐵; 𝛿1 = 140 639 343 

Set 6 𝜎1 = 3 𝑑𝐵; 𝛿1 = 200 459 246 

Set 11 𝜎1 = 4 𝑑𝐵; 𝛿1 = 150 390 209 

Set 13 𝜎1 = 5 𝑑𝐵; 𝛿1 = 150 259 138 

Set 14 𝜎1 = 5 𝑑𝐵; 𝛿1 = 200 223 119 

* Condition number is calculated for all sets with 𝑆 𝑁𝑛𝑜⁄ = 30 𝑑𝐵 

 The results are pleasable in minimizing the error. The condition number has actually 

decreased and it resulted in the corrected coefficients to follow the true ones better than 

the previous case.  Obviously the impact of the location of the near field sensor proved 
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to be one reason of making the Modified Gradient Based Algorithm as a powerful tool 

for correction of coefficients and resynthesis of array pattern. Hence, the algorithm 

proved to be robust in different cases. 

Summary 

 Pseudo random noise addition to the signal of interest for proper restoration and 

resynthesis of the array pattern is analysed using ‘Dithering’. The complete process of 

adaptive correction of the excitation coefficients is based on the dithered true and actual 

array coefficients and there are successfully utilized in finding the Eigen values of the 

correlation matrix 𝐀, which is generated from the concepts of standard LMS algorithm. 

 In the process of error estimation and correction, the actual coefficients are 

corrected by minimizing the error under pattern constraints using Modified Gradient 

Based Algorithm. Resynthesis proposed assumed that the receiver is free from noise 

initially, and later the performance of the proposed algorithm is evaluated with the 

addition of receiver noise introduced within the system. The robustness of the Modified 

Gradient Based Algorithm is well discussed for various cases with varying dithering 

conditions both in noise-free and noisy cases. 

 Considering the near field samples collected by a sensor located at 𝑃𝑠(1.1𝐿, 4.8𝜆, 0), 

the proposed algorithm is set to converge when the residual error is chosen to be 

minimum or not more than 0.02%. In the noise free case, the convergence of the 

algorithm purely depends on the dithering levels applied through the values of 

𝜎1 and 𝛿1, and the residual error decreases in an exponential way with an increase in 

number of iterations. The convergence of the proposed algorithm is faster for the larger 

values of 𝜎1 and 𝛿1. But as the deviations increase, it is to be noted that in any system, 

the number of realizations required for optimum performance increase, and so the 

choice of dithering values must be always as such that the convergence is faster along 

with a minimum number of realizations. 

 In the presence of the noise, because of the noise term 𝑁𝑛𝑜, the residual error tends 

to decrease in the initial iterations but increases as the number of iterations continues 

to increase. The algorithm never converges for the residual error of 0.2% as described 

in all earlier cases without noise. Further, the algorithm saturates towards a finite value 
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in the noise case, where the finite value again depends on the level of noise present in 

the array. It is also observed that as the 𝑆 𝑁𝑛𝑜⁄  is increased from 20 𝑑𝐵 to 50 𝑑𝐵, the 

algorithm tends to follow the exponentially decreasing (like in the noise free case). This 

is explained earlier in terms of the dependency of the algorithm on the condition number 

of the matrix 𝐀 related to the 𝑆 𝑁𝑛𝑜⁄ .  

 The main reason for all these typical values is observed to be that the modified 

algorithm works on minimising the error gradient towards zero and hence when the 

𝑆 𝑁𝑛𝑜⁄  values are introduced, the algorithm still succeeds in minimising the error 

gradient and it is indicated by the initial decrease in the curve in all different cases, but 

the effect of noise dominates as the iterations are in progression and drags the curve 

towards a constant finite value instead of decreasing in exponentially in all noisy cases. 

 The analysis carried out with an optimum location of the near field sensor 

at 𝑃𝑠′(1.1𝐿, 9.6𝜆, 0), resulted in pleasable curves minimizing the error. The condition 

number has decreased in each case, and it resulted in the corrected coefficients to follow 

the true ones better than that of the earlier position of near field sensor.  Optimum 

location of the near field sensor proved to be another reason for making the Modified 

Gradient Based Algorithm as a powerful tool for correction of coefficients and 

resynthesis of array pattern.  

 


